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Exper#iment
| ntroduction to Linear Programm

1. Introduction

Linear Programming (LP) is a core optimization methodology within Operations Research used
for allocating scarce resources in an optimal manner. It provides a systematic way to express real
world resourceallocation problems mathematically throudbcision variables, an objective
function, and a set of constraintsThe most common application scenario involves distributing
limited resources among competing activities to achieve the best possible (i.e., optimal) outcome.

More specifically, LP focuses on selig activity levels where multiple activities compete for
scarce resources required for their execution. Once these activity levels are chosen, the
corresponding resource consumption is determined automatically. This structure captures a wide
range of ral-world applications: allocating production facilities to different products, distributing
national resources among domestic needs, portfolio selection, designing shipping patterns,
agricultural planning, radiation therapy planning, and numerous othéext®@nDespite their
diversity, these problems share a fundamental characteristic which is the need to allocate resources
to activities by choosing appropriate activity levels.

LP uses a mathematical model to represent these allocation problems. Thedarmmdicates

that all mathematical relationships (objective function and constraints) must be linear. The term
programming refers to planning, not computer programming. Thus, linear programming represents
the planning of activities to achieve the optimesult, that is, the solution that best satisfies the
specified objective while adhering to all feasibility requirements.

The graphical approach serves as the simplest exact solution technique for LP models involving
two decision variables. This methoffers valuable geometric insight into the structure of LP
problems by illustrating feasibility, optimality, and the interactions among constraints. We will
use MATLAB to get the graphical solution.

2. The Linear Programming Model
2.1 Linear Programming: Major Components

1 Objective Function: LP problems seek to maximize or minimize some quantity (usually
profit or cost). We refer to this property as the objective function of an LP problem.

9 Constraints: The presence of restrictions or constraints, limitsdébgree to which we can
pursue our objective. For exampl e, deci dir
product line to manufacture is restricted by available labor and machinery.

1 Decision/Optimization variables: The variables that change at eaclerdtion of
optimization. In any linear programming model, the decision variables should completely
describe the decisions to be made.



Common Terminology

Table 2.1: Common Terminology for Linear Programming

Prototype Example General Problem

Production capacities of plants Resources

3 plants m resources

Production of products Activities

2 products n activities

Production rate of product j, x; Level of activity j, x;

Profit Z Overall measure of performance 7
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2.2 A Standard Form of the Model
Maximize®d ®w G®w E o

Subject to the restrictions:
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Table 2.2: Data needed for a linear programming model invothiegllocation of resources to
activities

Resource Usage per Unit of Activity
Activity
Amount of
Resource 1 2 .. n Resource Available
1 (o} dys Ce din b,
ax azz . dzn b,
m Um1 Umz - Umn bm
Contribution to Z per ¢4 Co e Cn
unit of activity

2.2.10ther Forms

1 Minimizing rather than maximizing the objective function

1 Some functional constraints with a gredatesinor equalto inequality
1 Some functional constraints in equation form

1 Deleting thenonnegativity constraints for some decision variables

2.2.2Solution Terminology

U A feasible solutionis a solution for which all the constraints are satisfied.

U An infeasible solutionis a solution for which at least one constraint is violated.
U Thefeasble regionis the collection of all feasible solutions.

U Itis possible for a problem to hame feasible solutions

U An optimal solutionis a feasible solution that has the most favorable value of the objective
function. The most favorable value is the largest value if the objective function is to be
maximized, whereas it is the smallest value if the objective function is to be minimized.

U Most problems will have just one optimal solution. However, it is possible torhawe
than one.

U Another possibility is that a problem has optimal solutions This occurs only if (1)t
has no feasible solutions or (2) the constraints do not prevent imgwing the value of
the objective function (Z) indefinitely in the favorable direction (positive or negativi
The latter case is referred to as havingiabounded Z



U Binding and Nonbinding Constraints: A constraint is binding if the lethand side and
the righthand side of the constraint are equal when the optimal values of the decision
variables are substituted into the constraint.

A constraint is nonbinding if the leftand side and the rightand side of the constraint are unequal
when the optimal vales of the decision variables are substituted into the constraint.

U Convex Set:A set of points S is a convex set if the line segment joining any pair of points
in S is wholly contained in S. Figure 3 gives four illustrations of this definition. In Figures
3a and 3b, each line segment joining two points in S contains only points in S. Thus, Iin
both these figures, S is convex. In Figures 3c and 3d, S is not convex. In each figure, points
A and B are in S, but there are points on the line segment AB thabttacermained in S.
In our study of linear programming, a certain type of point in a convex set (called an
extreme point) is of great interest.

S = shaded area
A B
A E B
A B
c D
[ d

Figure 2.1: Convex and Nesonvex sets

U Extreme Point: For any convex set S, a point P in S is an extreme point if each line
segment that lies completely in S and contains the point P has P as an endpoint of the line
segment. Extreme points are sometimes called corner points.

U A corner-point feasible (CPH sdution is a solution that lies at a corner of the feasible
region. Relationship between optimal solutions and CPF solutions: For any linear
programming problem with feasible solutions and a bounded feasible region:

0 The best CPF solution must be an optis@ution.
o If the problem has multiple optimal solutions at least two must be CPF solutions

2.3 Prototype Example

The WYNDOR GLASS CO. produces higfuality glass products, including windows and glass

doors. It has three plants. Aluminum frames and harelase made in Plant 1, wood frames are

made in Plant 2, and Plant 3 produces the glass and assembles the products. Because of declining
earnings, top management has decided to reva
products are being discontinuedleasing production capacity to launch two new products having

large sales potential:

Product 1: An oot glass door with aluminum framing



Product 2: A 4 goot doublehung woodframed window

Product 1 requires some of the production capacity in Plaatsl 3, but none in Plant 2. Product

2 needs only Plants 2 and 3. The marketing division has concluded that the company could sell as
much of either product as could be produced by these plants. However, because both products
would be competing for theame production capacity in Plant 3, it is not clear which mix of the

two products would be most profitable. Therefore, an OR team has been formed to study this
guestion. The OR team began by having discussions with upper management to identify
ma n a g e mobjactives sfor the study. These discussions led to developing the following
definition of the problem:

Determine what the production rates should be for the two products in order to maximize their
total profit, subject to the restrictions imposed by timétéd production capacities available in the
three plants. (Each product will be produced in batches of 20, so the production rate is defined as
the number of batches produced per week.) Any combination of production rates that satisfies
these restrictiosis permitted, including producing none of one product and as much as possible
of the other.

Table 2.3: Data for Wyndor Glass Co. Problem

Production Time
per Batch, Hours
Product
Production Time
Plant 1 2 Available per Week, Hours
1 1 0 4
2 0 2 12
3 3 2 18
Profit per batch $3,000 £5,000

Formulation as a Linear Programming Problem

Decision Variables:To formulate the mathematical (linganogramming) model for this
problem, let

x1= number of batches of product 1 produced per week
X2 = number of batches of product 2 produced per week

Objective Function:
Z = total profit per week (in thousands of dollars) from producing theserweucts
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The coefficient of a variable in the objective function is called the objective function coefficient
of the variable. In this example (and in many other problems), the objective function coefficient
for each variable is simplythedom i buti on of the variable to the

Constraints:
Constraint 1: Each week no more than 4 hours of production time is available in plant 1.

W T

Constraint 2: Each week no more than 12 hours of production time is available in plant 2.
Gw PG
Constraint 3: Each week no more than 18 hours of production time is available in plant 3.
ow c®w pyY

Sign Restrictions: To complete the formulation of a linear programming problem, the following
guestion must be answered for each decision variable:tt@@adecision variable only assume
nonnegative values, or is the decision variable allowed to assume both positive and negative
values? If a decision variable gan only assume nonnegative values, then we add the sign
restrictionw 1T If @ variable xcan assume both positive and negative (or zero) values, then we
say that xis unrestricted in sign (often abbreviated urg. For this problem it is clear that:

W T

W T

To summarize, in the mathematical language of linear programming, the problerhasse c
values of x and % so as to:

Maximize® 0w ULV

Subiject to the restrictions:

Gw PG
ow Gw pyY

andw T T



2.4 Graphical Solution Using MATLAB

This very small problem has only two decision variables and therefore onbjirtvemsions, so a
graphical procedure can be used to solve it. This procedure involves constructing a two
dimensional graph withpand x as the axes.

Figure 2.2: Shaded area shows values phé) allowed bye oo 1w 18

X3
10~

3x; + 20 = |8

Feasible
region

0 2 4 6 8 Y

Figure 2.3: Shaded@a shows the set of permissible valuesiofty hcalled the feasible region.

The feasible region for an LP is the set of
restrictions. For a maximization problem, an optimal solution tbRams a point in the feasible
region with the largest objective function value. Similarly, for a minimization problem, an optimal
solution is a point in the feasible region with the smallest objective function value.

a



To find the optimal solution, we neealgraph a line on which all points have the saraalae. In

a max problem, such a line is called an isoprofit line (in a min problem, an isocost line). The final
step is to pick out the point in this feasible region that maximizes the valbe @v  vw. To
discover how to perform this step efficiently, begin by trial and error.

8_
Z=136= 3x; + 5x3 -

6

Z=20= 3x; + 5% <
4

Z=10= 3x; + 5x, ]
2

\
Figure 2.4: The value of(hi that maximizem® L® is (2,6)

Now notice in Fig. 3.3 that the two lines just constructed are parallel. This is no co incidence, since
any line constructed in this way has the faim ow vw for the chosen value of Z, which
implies that:

. o, .
W —w -
L v

This last equation, called tlsopeintercept form of the objective function, demonstrates that the
slope of the line is— (since each unit increase inchanges xby — ), whereas the intercept of
the line with the xaxis is-@(sincew -®@when xis 0). In MATLAB we do not need to draw
any isocost line, rather by simple coding we can get feasible region andraal golution.



% MATLAB Code for Graphical Method of Linear Programming Problem (Maximization)
% Maximize z = 3*x1 + 5*x2

% Subiject to:

% x1<=4

% 2x2 <=12

% 3x1+2x2 <=18

% x1>=0,x2>=0

clear; clc;

% Constraint matrix A and vector(B*[x1; x2] <= b)
A=[10; %xl<=4

02; % 2*x2<=12

32]; % 3*x1 + 2*x2 <=18
b=1[4;12; 18],

% Objective function coefficients
c=[35]; % z=3*1 + 5*x2

disp(Constraint matrix A);
disp(A);

disp(Righthand side b);
disp(b);

disp(Objective coefficients 9;'
disp(c);

% Find all intersection points of constraint lines (including axes)
points = [0 0]; % Origin is always a corner point

disp(Initial points (origin)3);

disp(points);

% Intersections betwegyairs of constraints
n = size(A,1);
fprintf('Number of constraints n: %, n);

fori=1:n

forj=i+1l:n
fprintf(\nProcessing pair: constraints %d and\&%d, j);
Aij = A(li ], )
bij = b([i j]);
disp(Submatrix Aij:);
disp(Aij);
disp(Subvector bij);
disp(bij);



if rank(Aij) == 2 % Lines are not parallel
disp(Rank == 2: Lines intersejt'
x = Aij \ bij;
disp(Intersectiorpoint x:);
disp(x);

if all(x >=0) && all(A*x <= b) % Feasible and nenegative
disp(Point is feasible and nemegative);
points = [points; XT;
disp(Updatedpoints:);
disp(points);
else
disp(Point is not feasible or negativeliscarded;
end
else
disp(Rank < 2: Lines parallelskipped);
end
end
end

% Add axisintercepts (where one variable is zero)
disp(Adding axis interceptg;'
fori=1:n
% x2 = 0 intercept (x1 =b_i/ A _{i1}if A_{i1} > 0)
if A(i,1)>0
x1 =b(i) / A(i,1);
pt = [x1; O];
fprintf(‘Intercept for constraint %cdhax1-axis: [%f, %f\n', i, pt(1), pt(2));
if all(A*pt<=b)
disp(Feasible adding);
points = [points; pt'];
else
disp(Not feasible- discarded;
end
end
% x1 = 0 intercept (x2 =b_i/ A _{i2} if A_{i2} > 0)
if A(i,2)>0
x2 = b(i)  A(i,2);
pt = [0; x2];
fprintf(‘Intercept for constraint %d on séXis: [%f, %f\n', i, pt(1), pt(2));
if all(A*pt <= b)
disp(Feaible- adding);
points = [points; ptT;
else
disp(Not feasible- discarded;
end



end
end

% Remove duplicates and sort for convex hull
points = unique(points;ows);

disp(Unique points after removing dugdtesy;
disp(points);

% Evaluate objective function at corner points
z_values = points * c’;
disp(Objective values z at each poipt:’
for k = 1:size(points,1)

pt = points(k,:);

z = z_values(k);

fprintf('Point [%f, %f]: z = %fn', pt(1), pt(2), 2);
end

[max_z, idx] = max(z_values);
optimal_point = points(idx, :);

fprintf('Maximum z: %fn’, max_z);
fprintf('Optimal point: [%f, %fIn', optimal_point(1), optimal_point(2));

% Plot the feasible region (shaded)

figure;

K = convhull(points(:,1), points(:,2));

fill(points(K,1), points(K,2),c', 'FaceAlphg'0.4,'EdgeColor"k");
hold on;

% Plot constraint lines
x1 _range = linspace(0, max(points(:,1)) + 1, 100);

fori=1:n
if A(1,2) ~=0
x2_line = (b(i)- A(i,1)*x1_range) / A(i,2);
else

x2_line = zeros(size(x1_range))p Vertical line case (not here)
end
plot(x1_range, max(x2_line, Op--, 'LineWidth) 1.5);
end

% Plot corner points
plot(points(:,1), poirg(:,2), ko', 'MarkerFaceColoy'k’);

% Mark optimal point
plot(optimal_point(1), optimal_point(2)p', 'MarkerSizeg' 20);



% Annotations

xlabel(x_1);

ylabel(x_2);

title('Graphical Method for LPPFeasible Region Shadgd'
grid on;

axisequaj

xlim([O max(points(;,1)) + 1]);

ylim([0 max(points(:,2)) + 1]);

text(optimal_point(1)+0.2, optimal_point(2),

sprintf(Optimal Point: (%.2f, %.2fhMax z = %.2f optimal_point(1), optimal_point(2),
max_z),...

'FontSize' 10,'BackgroundColor; 'w');

legend({Feasible Region'Constraints"Corner Points"Optimal Solutior}, ‘Location, 'best);

Graphical Method for LPP - Feasible Region Shaded
7 . . . .

\
\
\
69 * Optimal Point: (2.00, 6.00)
Max z = 36.00
5 L B
:]Feasible Region
= = = Constraints
41 = = = Corner Points
N = = = Optimal Solution
35 \
\
\
27 %=
\
1t
0®- 4 L 2
0 1 2 3 4 5

Figure 2.5: Graphical Solution Using MATLAB



10 Maximize Z = 3x; + 5x,,
subject to X =4
2%, =12
— 3x; + 5x, =50 2
1o 3x, + 26, = 18
. 3x; + 5x3 =50
and xp =0, X =0
6

3xp + 205 = 18
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Figure 2.6: The WyndoBlass Co. problem would have no feasible solution if the constraint
Ow LW L Twere added to the problem
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Figure 2.7: The Wyndor Glass Co. problem would have multiple optimal solutions if the
objective function were changeddo ocw qW.



(4,6, Z =0
T

® (4, 10), Z =62

Maximize £ = 3x| + 5x,,
subject to x =4
and =0, Xa =1

® (4 8),7Z=2752

e (4 6),Z=42

® (4, 41, Z=32

® (4 2y, Z=722

Figure 2.8: The Wyndor Glass Co. problem would have no optimal solutions if the only
functional constraint wer@ 1, because xthen could be increased indefinitely in the feasible
region without ever reaching the maximum valuegidf ow Lvw

2.5LP Assumptions

91 Proportionality assumption: The contribution of each activity to the value of the
objective function Z (and LHS of functional constraint) is proportional to the level of the
activity x.

Table 2.4: Examples of satisfying or violating proportionality

Profit from Product 1 (3000 per Week)

Proportionality Violated

Proportionality
X1 Satisfied Case 1 Case 2 Case 3

0
3
6
9
12 1

— oL O
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Figure 2.9: The solid curwdolates the proportionality assumption because of thegtarbst
that is incurred whenyxs increased from 0.
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Figure 2.10: The solid curve violates the proportionality assumption because its slope (the
marginal return from product 1 keeps incregsas X is increased.
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Figure 2.11: The solid curve violates the proportionality assumption because its slope (the
marginal return from product 1 keeps decreasing &sircreased.

1 Additivity assumption: Every function in a linear programming modglthe sum of the
individual contributions of the respective activities.

Table 2.5: Examples of satisfying or violating additivity for the objective function

Value of Z
Additivity Violated
(x1, X2) Additivity Satisfied Case 1 Case 2
1, 0) 3 3 3
0,1 5 5 5
1, n 8 9 7

Table 2.6 Examples of satisfying or violating additivity for a functional constraint

Amount of Resource Used

Additivity Violated
(x1, x2) Additivity Satisfied Case 3 Case 4
2, 0 6 6 6
(0, 3) 6 6 6
(2, 3) 12 15 10.8

9 Divisibility assumption: Decision variables in a linear programming model are allowed to
have any values, including nameger values, that satisfy the functional and-non
negativty constraints. In certain situations, the divisibility assumption does not hold



because some of or all the decision variables must be restricted to integer values.
Mathematical models with this restriction are called integer programming models,
For exampe, in the WYNDOR problem, the Divisibility Assumption implies that it is acceptable
to produce 1.5 product 1 or 1.63 product 2. Because WYNDOR cannot actually produce a
fractional number of products, the Divisibility Assumption is not satisfied in the DGR
problem.

1 Certainty assumption. The value assigned to each parameter (objective function
coefficient, right hand side, and functional constraint coefficient) of a linear programming
model is assumed to be a known constant.

2.6 The Graphical Solution ofMinimization Problems Using MATLAB

Dorian Auto manufactures luxury cars and trucks. The company believes that its most likely
customers are higincome women and men. To reach these groups, Dorian Auto has embarked
on an ambitious TV advertising campaigrddas decided to purchaseninute commercial spots

on two types of programs: comedy shows and football games. Each comedy commercial is seen
by 7 million highincome women and 2 million high income men. Each football commercial is
seen by 2 million higlincome women and 12 million highcome men. A dminute comedy ad

costs $50,000, and artinute football ad costs $100,000. Dorian would like the commercials to

be seen by at least 28 million higicome women and 24 million highcome men. Use linear
programming to deter mine how Dorian Auto can meet its advertising requirements at minimum
cost.

Solution:

Decision Variable:
0 & 0anP &0 ¥ QB 6 1@ QQ
W £060OP &0t CEE O QR @IP QQ

Objective Function:

Minimize® v ™ 100w

Constraint 1Commercials must reach at least 28 million higtome women.
X0 20 gy

Constraint 2Commercials must reach at least 24 million higtome men.
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Non-negativity constraint:

% MATLAB Code for Graphical Method of Linear Pmagnming Problem (Minimization)
% Minimize z = 50*x + 100*y (cost in thousands)

% Subiject to:

% 7x + 2y >= 28 (highncome women, millions)

% 2x + 12y >= 24 (higincome men, millions)

%x>=0,y>=0

clear; clc;

% Original constraints (A_oriyx >=b_orig)
A _orig=1[72;212],
b_orig = [28; 24];

% Flip for standard <=form: A*x<=b
A =-A_orig;
b =-b_orig;

% Add artificial bounds to make feasible region bounded for shading
bound = 15;% Large enough bound

A=JA;10;01]

b =[b; bound; bound];

% Objective function coefficients (minimize c' * x)
c =[50 100J;

% Find all intersection points (corner points)
points = []; % Do not assume origin is feasible

% Intersections between pairs of constraints
n = size(A,1);
fori=1n
forj=i+l:n
Aij = A(i 1, 2);
bij = b(i j);
if rank(Aij) ==
x = Aij \ bij;
if all(x >=0) && all(A*x <=b + 1e8)
points = [points; X;



end
end
end
end

% Add axis intercepts if feasible
fori=1:n
% x2 = 0 intercept
if A(i,1)~=0
x1 = b(i)/A(i,1);
if x1>=0
pt = [x1; Of;
if all(A*pt <=b + 1e8)
points = [points; pt'];
erd
end
end
% x1 = 0 intercept
if A(1,2) ~=0
x2 = b(i)/A(i,2);
if x2>=0
pt = [0; x2[;
if all(A*pt <=b + 1e8)
points = [points; pt'];
end
end
end
end

% Remove duplicates
points = unique(points;ows);

% Evaluate objective at corner points
z_values = points * c’;

[min_z, idx] = min(z_values);
optimal_point = points(idx, :);

% Plot the feasible region (shaded)

figure; holdon;

K = convhullpoints(:,1), points(:,2));

fill(points(K,1), points(K,2),c', 'FaceAlphg'0.4,'EdgeColor"k’);

% Plot original constraint lines only (not bounds)
x_range = linspace(0, bound, 100);

n_orig = size(A_orig,1);

fori=1:n_orig



if A_orig(i,2) ~=0
y_line = (b_orig(i)- A_orig(i,1)*x_range) / A_orig(i,2);

else
y_line = zeros(size(x_range));
end
plot(x_range, y_linep--', 'LineWidth) 1.5);
end

% Plot corner points
plot(points(:,1), points(:,2)ko', '"MarkerFaceColoy'k’);

% Mark optimal point
plot(optimal_point(1), optimal_point(2)p', 'MarkerSizg'12,'MarkerFaceColoy'r);

% Annotations
xlabel(x (Comedy Ads);
ylabel(y (Football Ads);
titte('Graphical Method for Dorian Auto AdvertisindMlinimum Cost);
grid on;
axisequaj
xlim([O bound]));
ylim([0 bound]));
text(optimal_point(1)+0.2, optimal_point(2),
sprintf(Optimal: (%.1f, %.1fnMin Cost = $%.0fk'optimal_point(1), optimal_point(2),
min_z),...
'FontSize' 10,'BackgrouniColor, 'w');

legend({Feasible Region (Bounded Viewonstraints"Corner Points"Optimal Solutiory,
‘Location; 'best);

hold off;
Graphical Method for Dorian Auto Advertising - Minimum Cost
15
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= = = Constraints
= = =Corner Points
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Figure 2.12Graphical Solution Using MATLAB



The Dorian problem has a convex feasible region, but the feasible region for Dorian, contains
points for which the value of at least one variable can assume arbitrarily large values. Such a
feasible region is called ambounded feasible regionThus, theoptimal zvalue is& v 1%

o® 10 p& o ¢.1This means the optimal z value is $320,000.

Does the Dorian model meet the four assumptions of linear programming?

1 After, say, 500 auto commercials have been aired, most people have probably seen one, so
it does little good to air more commercials. Thus, the Proportionality Assumption is
violated.

1 In reality, many of the same people will see a Dorian comedy commercial and a Dorian
football commercial. We are doubt®unting such people, and this creates acdorate
picture. This violates the Additivity Assumption.

1 If only 1-minute commercials are available, then it is unreasonable to say that Dorian
should buy 3.6 comedy commercials and 1.4 football commercials, so the Divisibility
Assumption is violated.

1 There is no way to know with certainty how many viewers are added by each type of
commercial, the Certainty Assumption is also violated.

3. Practice Problem

31Mi nabés diet requires that al/|l the food she ¢
(chocolate cake, ice cream, soda, and cheesecake). At present, the following four foods are
available for consumption: brownies, chocolate ice cream, cola, and pineapple cheese cake. Each
brownie costs 50¢, each scoop of chocolate ice cream costs 20¢, gobfloola costs 30¢, and

each piece of pineapple cheesecake costs 80¢. Each day, | must in gest at least 500 calories, 6 0z
of chocolate, 10 oz of sugar, and 8 oz of fat. The nutritional content per unit of each food is shown

in Table 2. Formulate a lena r programming model t hat can be
nutritional requirements at minimum cost. (Use MATLAB for graphical solution)

TABLE 2

Nutritional Values for Diet

Type of Food Calories Chocolate (Ounces) Sugar (Ounces) Fat (Ounces)
Brownie 400 3 2 2
Chocolate ice cream

(1 scoop) 200 2 2 4
Cola (1 bottle) 150 0 4 1
Pineapple cheesecake

(1 piece) 500 0 4 5

3.2There are three factories on the Momiss River (1, 2, and 3). Each emits two types of pollutants
(1 and 2) inb the river. If the waste from each factory is processed, the pollution in the river can

be reduced. It costs $15 to process a ton of factory 1 waste, and each ton processed reduces the
amount of pollutant 1 by 0.10 ton and the amount of pollutant 2 Byt0mM It costs $10 to process

a ton of factory 2 waste, and each ton processed will reduce the amount of pollutant 1 by 0.20 ton



and the amount of pollutant 2 by 0.25 ton. It costs $20 to process a ton of factory 3 waste, and each
ton processed will redecthe amount of pollutant 1 by 0.40 ton and the amount of pollutant 2 by
0.30 ton. The state wants to reduce the amount of pollutant 1 in the river by at least 30 tons and
the amount of pollutant 2 in the river by at least 40 tons.

(a) Formulate an LP thavill minimize the cost of reducing pollution by the desired amounts.

(b) Do you think that the LP assumptions (Proportionality, Additivity, Divisibility, and Certainty)
are reasonable for this problem?

(c) Use MATLAB for graphical solution

3.3 The World Light Company produces two light fixtures (products 1 and 2) that require both
metal frame parts and electrical components. Management wants to determine how many units of
each product to produce so as to maximize profit. For each unit of pdgduanit of frame parts

and 2 units of electrical components are required. For each unit of product 2, 3 units of frame parts
and 2 units of electrical components are required. The company has 200 units of frame parts and
300 units of electrical com ponts. Each unit of product 1 gives a profit of $1, and each unit of
product 2, up to 60 units, gives a profit of $2. Any excess over 60 units of product 2 brings no
profit, so such an excess has been ruled out.

Formulate a linear programming model for thisblem. Use MATLAB for graphical solution to
solve this model. What is the resulting total profit?
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1. Objective

By the end of this lab, students will be able to:

i Solve LP problems ihINDO .
9 Understand how LINDO handles artificial variables, degeneracy, and alternative optima.

2. Background

A Linear Programming (LP) problem hasfinitely many feasible points but only afinite
number of corner points (extreme points) A fundamental theorem of LP states:

If an LP has an optimal solution, at least one optimal solution occurs at a corner point of the
feasible region.

The Simplex Methodis a systematic algorithm that:

Starts at one corner point (Basic AbksSolution),
Moves from corner to corner,

Improvesthe objective value at each step,
Stops when no further improvement is possible.

= =4 =4 =4

Decision Variables:Variables representing choices to be made.

1 Denotedas: X X2, €én X
1  Example: number groducts produced.

Objective Function: The function to benaximized or minimized.

Constraints: Linear equations or inequalities restricting the decision variables. The dimension of
the problem determines the numbecohstraints that intersect at each corner

Feasible Solution:Any solution that satisfieall constraints and nonnegativity conditions.
Simplex focuses only on CPF solutions, a finite set.



l CPF solution.
Optimality test: Is the current CPF solution optimal?

|

|

| It I]O—J If yes ——— Stop.
| ;

— Initialization: Set up to start iterations, including finding an initial

Iteration: Perform an iteration to find a better CPF solution.

Basic Solution:A solution obtained by:
1 Selecthg m variables (number of constraints),
T Setting the remaining variables to zero,
1 Solving the resulting equations.

Basic Feasible Solution (BFS)A basic solution that is also feasibld a | |
Each BFS corresponds t@arner point of the feadile region.

Slack Variable: Introduced to convert@ ¢ o n sintoramdquation.

Interpretationunused resource

Negative RHS:To eliminate the negative value in the RHS, multiply throloghkl. This
operation reverses the sign of the inequality

Surplus Variable: Introduced in @ ¢ o n s dubtractechftom LHS.

Artificial Variable: Introduced when:

1 Constraintis or O
1 Needed only to obtain an initial BFS

Avrtificial variablesmust be eliminatedfrom the final solution.

vari

abl

es



Simplex Tableau:A tabular representation of:

1 Constraints
1 Objective function
1 Coefficients of all variables

This is the workingstructure of the simplex algorithm.

Optimality test:If a CPF solution has no adjacent CPF solution that is better (in terms of the
value of the objective function) then it must be an optimal solution.

Entering Variable: A nonbasic variable selected éoter the basisto improve the objective.
Leaving Variable: A basic variable selected kwave the basido maintain feasibility.
Pivot Element: The element at the intersection of:

1 Entering variable column
1 Leaving variable row

Used for Gausslordan eliminatn.
GaussJordan Elimination

1 Used to update tableau during pivot.
1 Steps:
1. Selectpivot element
2. Normalize pivot row: divide row by pivot element.
3. Eliminate pivot column entriesin all other rows by making all other entries in
the pivot column zero:
New Pivot Row = Current Pivot Row / Pivot Element
New Row =(Current RoW1 (Respective Pivot Colum@oefficien)*(New Pivot
Row)
This ensures new variable becomes basic and oldol@bacomes nehasic

Example 1:

Original Form of the Model Augmented Form of the Model’
Maximize Z=73x, + 5x,, Maximize Z =3x; + 5x3,
subject to subject to

X = 4 (1) X + X3 = 4
v, =12 (2) 2xy + x4 =12
I+ 2, =18 3) 3x; + 2x2 +x5= 18
and and
=0 X, =0 ;=0 forj=1,234,5.




Wyndor Problem

There are 5 edges.

From each CPF solution,
2 edges emanate.

Each CPF solution has 2
adjacent solutions.
2;:6
0,6
CPF Solution Its Adjacent CPF Solutions
43 9 .5 ma 0
2, 6) (4, 3) and (0, 6)
4, 3) (4, 0) and (2, 6)
(4, 0) (0, 0) and (4, 3)
0’0 4,0
Maximize Z.
subject o
(0) Z — 3x) — 5x; =0
() Xy + X3 = 4
(2) 2x, +x =12
3) 3x; + 2xa +x5=18
and
x=0, forj=1,2,...,5
(a) Algebraic Form (b) Tabular Form
Coefficient of:
Basic Right
Variable | Eq. | Z | xy X2 X3 Xs xs| Side
0)Z-3x-5x, =0 Z @|1(=3 =5 0 0 0 0
m X +x3 =4 boY Mmilo| 1 01 0 0 4
() 2%, +x4 =12 Xy @0 0 2 0 1 0 12
B) 3t +x5=18 Xs @):]i0: 3 2 0 «0r 1 18
Coefficient of:
Basic Right
Variable Eq. z X X2 X3 s Xs Side  Ratio
z (0) 1 -3 =) 0 0 0 0
X3 m 0 1 0 1 0 0 4
Xs 2) 0 0 2 0 1 0 12 —»12—2 = 6 < minimum
18
Xs (3) 0 3 2 0 0 1 18— 5= 9




Coefficient of:
Basic Right
Iteration Variable Eq. z Xq X3 X3 X Xs Side
z (0) 1 -3 -5 0 0 0 0
0 X3 (1) 0 1 0 1 0 0 4
X4 (2 0 0 2 0 1 0 12
Xs (3) 0 3 |2 ] 0 0 1 18
z (0) 1
1 X3 (1 ) 0 1
X (2) 0 0 1 0 3 0 6
Xs (3) 0
Coefficient of:
Basic Right
Iteration Variable Eq. z X1 X2 X3 Xa X5 Side
Z (0) 1 -3 =5 0 0 0 0
0 X3 Q)] 0 1 0 1 0 0 4
X 2 0 0 2 0 1 0 12
X5 (3) 0 3 2] 0 0 1 18
V4 (0) 1 -3 0 0 % 0 30
i %3 a | o 1 o 1 0 o0 4
% @ | o 0 10 % 0 6
Xs 3) 0 3 0 0 -1 1 6
Coefficient of:
Basic Right
Iteration Variable | Eq. | Z | x; X X3 X4 X5 | Side Ratio
5
z (1]1-3 0 0 3 0 30
— 4
X3 mijo 11 0 1 0 0 4 7= 4
1
X2 2|0 0 1 0 15 0 6
x |olol 30 o 1 1| & %= 2  minimum




Coefficient of:
Basic Right
Iteration Variable Eq. Z Xy X2 X3 Xs Xs Side
z © 1 -3 -5 0 0 0 0
0 X3 m | o 1 o] 1 0 0 4
Xs ) 0 [ o 2 0 1 0 12 |
Xs 3) 0 3 (2] o 0 1 18
z o |2 | =3 0 2 0 30
: X3 1) 0 1] 0 1 0 0
X2 @ | o 0 1 + 0
Xs 3) 0 3 0 =1 1
z © | 1 0 o o 3 1 36
X3 m | o 0 o 1 1 -4 2
2
X2 (2) V] 0 1 0 %— 0 6
1 1
X 3) 0 1 0 0 -3 = 2
% unpo
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ST
xli=4
2m2¢=12
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end|
LINDO Solver Status
r— Optimizer Status
Status: Optimal
Iterations: 2
Infeasibility: 1}
Obijective: 36
Best IP: Hoh
IP Bound: Hoh
Branches: Hoh
Elapsed Time: Qo:o0:00
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Example 2:

x
10 —
Maximize Z = 3x; + 5x,
— subject to x =
2, = 12
= 3y + 2x, =18
and =0 x=0
2,6
. (2, 6)
41—
— “,3)
2 L
Z -3X1-5X2
— X1 + X3
I L 2X2 + X4
0 2 4 6 8 x 3X1 +2X2
There is no obvious BF®ecausehere is no slack in the third constraint.
The Real Problem The Artificial Problem
Define X5 =18 — 3x; — 2x,.
Maximize Z = 3x; + 5x3, Maximize Z = 3x; + 5x; — MXs,
subject to subject to
X = 4 X = 4
=12 2x; =12
I+ 2= 18 3x + 2, =18
and (so oy + 2 + x5 = 18)
=0 =0 and
=0 2 =0, Xs=0
A
Define X5 = 18 — 3x; — 2xs.
o BT Maximize Z = 3x; + 5x) — Mx3,
P subject to X = 4
Mmy=12
(0.6) & 3y + 2n=18
and x;=0, x,=0, ¥5=0
| Feasible @ S 3)
EE2Ion zZ=27
L (O} L — 3131 - 5133
L (1} X + x3
© M|, 2=12-6M (2) 2x; +xy
(0, 0) | I 1 P | | | | = - -
4 @, 0) X (3) 3x; + 2x>




52 unpo

Z_?-II _5I1+M35: 0
—M3x;y +2x,+ x5=18)
New (0) Z— (3M + 3)x; — (2M + 5)x, = — 18M.

Coefficient of:
Basic Right
Iteration Variable | Eq. | Z xy X3 X3 X4 Ks Side
z @ |1 IM-3 M5 0 0 0 18M
. X m|o 1 0 1 0 0 4|
X |0 ] 7 0 T ] T2
% |G |of |3 2 o 0 1 18
z @ |1 0 2M-5 3IM+3 0 0 &M + 12
: X m|o 1 0 1 0 0 4
Xy @ |0 0 2 0 1 0 12
s (3|0 0 2 3 0 1 6
z |1 0 0 2 0 mM+2 27
Z ]
5 X m|o 1 0 1 0 0 4
X4 2 |0 [0 0 3 1 -1 6 |
3 1
P |0 0 1 -3 0 3 3
3
z @ |1 0 0 0 5 M 36
m|o 1 0 0o -1 1 2
. 3 3
Extra ] '
X3 ) (0o 1] 0 1 3 -3 2
Xz @ |0 0 1 0 ¥ 0 6
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Max 3ml+Gk2
ST

zl¢=4
2w2¢=12
3xl+2x2=18
end

EIE LINDO Solver Status

Ll

— Optimizer Status
Status: Optimal
Iterations: 1
|nfeazibility: 0
Objective: 36
Best IF: e
|P Bound: LB
Branches: Wk
Elapsed Time; o0 0000

Update Interval: I'I
v Interrupt S olver | Close I




For minimization problems:

n
Minimizing  Z= z CiX;
j=i
is equivalent to
n
maximizing ~ —Z= Z(—Cj)xj;
=

Example 3: (Minimization Problem with Big M Method)

Radiation Therapy Example

Minimize

subject to

Z = 04x, + 0.5x,,

0.3x; +0.lx, = 2.7
G.SI| + 0.53{2 =6

0.6x; +04x2 =6

and
v, =0 Xy =0
Minimize  Z = 0.4x, + 0.5x, ®Mx; OMXs.
subject to 0.3x; + 0.1x5 + x5 =27
0.5x, + 0.5x, + X, =6
0.6x, + 0.4x, — X5+ X =6
and x, =0, X, =0, x; =0, x, =0, x5 =0, Xs=0.
Minimize Z=0.4x, + 0.5x,
Maximize —Z = —0.4x; — 0.5x,.
Minimize Z= 04x; +05x, + Mx; + Mx4
Maximize —Z = —04x, — 0.5x5 — Mxs — MXxs.
(()) _Z + 0.4.\‘1 =+ 0.5.¥2 + M;_‘ e M’.F(, = 0
(1) 0.3x; + 0.1x, + x5 =27
(2) ().5)(1 + 0.5/\.2 + .?_1 — ()
0.()x| + 0.4X2 = x5 + .?() = ()
Proper Form
Row 0:
[0.4, 05 0. M. 0, M., 0]
—M[0.5, 0.5, 0, 1. 0, 0, 6]
—M][0.6, 04, 0, 0, -1, I, 0]
New row 0 = [—1.IM + 0.4, —0.9M + 0.5, 0, 0, M, 0, —12M]




Coefficient of:
Basic Right
Iteration Variable | Eq. | Z Xy X3 Xy X4 Xg Xs Side
Z (0) 1 1.1M + 0.4 0.9M + 0.5 0 0 M 0 12M
0 Xy (1) 0 0.3 0.1 1 0 0 0 27 |
Xy (2) 0 0.5 0.5 0 1 o] 0 &
X (3) 0 0.6 0.4 0 0 1 1 [
16, 1 11 4
Z (0) 1 0 3-0M * 35 3 M 3 0 M 0 21M - 36
no |m| o 1 ! L 0 0 0 9
3 3
]
@] o 0 } : 1 0 0 1.5
% 3| o [0 0.2 2 0 1 1 0.6 |
S5,..7 5 11 8 1
z (0) 1 0 0 3.1.:1'.- 3 0 3M 3 3M 3 0.5M — 4.7
no || oo 1 0 20 0 5 ~ 8
2 3 3 3
5 5 5
Xy (2) 0 0 0 3 1 3 3 0.5
X2 (3) 0 0 1 10 0 5 5 3
Z (0) 1 0 0 0.5 M=1.1 0 M 5.25
3 X (1) 0 1 0 5 1 0 0 7.5
Xg (2) 0 0 0 1 0.6 1 1 0.3
X2 (3) 0 0 1 5 3 Q 0 4.5

The Big M method can be thought of as having two phases. In the first phase, all the artificial
variables are driven to zero in order to reach an initial BF solution for the real problem. In the
second phase, all the artificial variables leept at zero while the simplex method generates a
sequence of BF solutions for the real problem that leads to an optimal solution.

Two-phase method:

Phase 1: Minimize Z=X;+ X (until x4 = 0, Xg = 0).
Phase 2: Minimize Z = 0.4x, + 0.5x, (with Xy = 0, X¢ = 0).

No feasible solution:If the original problem has no feasible solutions, then either the Big M
method or phase 1 of the tvphase method yields a final solution that has at least one artificial
variable greater than zero. Otherwise, they all equal zero.

%3 unpo
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3. Special Cases
3.1Case 1: Degeneracy

Tie for leaving basic variable(degeneracy)This is a tie for theminimum ratio. Whichever

variable is picked to leave, the other variable will also be driven to zero in the pivot. Problems may
ensue. If one of the degenerate basic Wempasic variables with a value of zerpretains its

zero value until it is chosen at a subsequent iteration to be the leaving basic variable, the
correspondingntering variable will be stuck atzeros i nce it candét be incre
the degenerate leaving variable negative, sethel ue of Z . Singplexdomay go Araundg e

in a loop,repeating the same sequenaegithout advancing

Example Problem:

Max Z = 3% + 2X>
Constraints:

X1+ Xo<=4
2X1+ Xo<=5
X1, X2>=0

Cgé)servation: Degeneracy occurs at iteration 2 (pivot with RHS = 0 in intermediate BFS).

File Edit Solve Reports Window Help

D= EE l=evREez8 Ba RIAB ZES 2
iz | o |[= | ==

Max 3Ixl+2z2 ~

wl+m2o=4
2rl4xli=5
end

LINDO Solver Status x

Optimizer Status

Stabus: Optimal
Iterations: 1
|nfeazibility: 0
Obijective: 9
Best IF: Hod

IP Bound: Hod
Branches: Hod
Elapsed Time: oo.a0:on

|Ipdate |nterval |1

W | Cloze |
Practice: MAX 2X1 + 2X»
ST
X1+ Xo<=4

2X1+2X2<=8



3.2 Case 2: Alternative Optima

In this case, thebjective function has the same slope as one of the constrain¥henever a
problem has more than one optimal BRSeast one of the notasic variables will have a
coefficient of zero in the final objective functionf a nonbasic variable has ZER@duced cost
at optimality, then multiple optimal solutions exiit.the coefficient of norbasicis zero,it
indicaiesthatthe nonbasiccan enter the bassolution without changing the value of z.

O — B Maximize Z=3x+ 21,
Ee R R AN subject 1o X = 4
b 2x; 2
“\ o+ =138
g AN and 0=0, x=0
N (X1, X2) = wi(2, 6) + wa(4, 3).

Wy +wy =1 and w; =0, ws = 0.

Every point on this darker line scgment
is optimal, each with Z =18,

Coefficient of:
Basic Right  Solution
Iteration  Variable Eq. | Z X Xz X3 Xa Xs Side Optimal?
Z (0) 1 3 2 1] 0 1] 1] No
5 X 1 | o 1 0 1 0 0 4]
Xs (2) 0 0 2 ] 1 ] 12
X5 @ | o] (3] 2 0 0 1 18
z © |1 0 -2 3 0 0 12 No
1 X (1) 0 1 0 1 0 1] 4
Xs (2) 0 0 2 0 1 0 12
Xs (3 | 0 [o 2 3 0 1 6 |
Z (0) 1 0 0 0 0 1 18 Yes
3 X (1) 0 1 0 1 0 0 4
Xs (2) 0 [0 0 3 1 1 6|
3 1
X2 (3) 0 0 1 3 0 3 3
Z (0) 1 0 0 1] 0 1 18 Yes
1 1
s (m | o 1 0 0 3 3 2
Extra 1 1
X3 (2) 0 0 0 1 3 3 2
X2 @lo| o 1 0 ; 0 6

(X1, Xa, X3, Xg, Xs5) = Wy(2, 6, 2,0, 0) + wy(4, 3,0, 6, 0),
Wi+ wy =1, wy; =0, wa = 0.
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3.3 Case 3: Infeasible Solution

Example Problem: Max Z = X + X2

X1+ Xo=2
X1+ X2=5
X1, X2>=0
=
File Edit Solve Reports Window Help
DigEES mevREsn] DE BAB EES 2
o |[@ =
HAL N1 + X2 ~
ST BELE
X1 +X2= 2 BSE
ITY
Hl +H2= & nnan
END LINDO Solver Status X
Olptiizer Status
Stalus: Infeasible
Iterations i
Inteagibility: 3
Objective: 13 LINDO Error Message ®
Best IP H/A o eod
Tor code:
|P Bound: Hod o4 Help
Branches Hoh
Elapsed Time: 00:00:26 Enor text
NO FEASIELE SOLUTION AT STEP 0.
SUM_OF INFEASIBILITIES= 3.000000000000000
VIOLATED ROWS HAVE NEGATIVE SLACK, OR
e (EQUALITY ROVS) NONZERO SLACKS.  ROWS
Undate Interval CONTRIEUTING TO INFEASIBILITY HAVE A
NONZERO DUAL FRICE  USE THE "DEEUG"
N, | [ o= | COMMAND FOR MORE INFORMATION.

1 LINDO reportsinfeasibleautomatically.
T Atrtificial variables remain nozero at optimum.

3.4 Case 4: Unbounded Solution

If Z is unbounded, there will be no candidate for the leaving basic variable. If at any iteration any
of the candidates for the entering variable has all negative or za&ffident in the constraints
equation, it is an indication that the problem hasuabounded solution. LINDO reports
unbounded without performing unnecessary iterations



Problem: Max Z = X; + X»

X1T Xo>=1
X1, X2>=0

55 Lnpo
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4. Practice Problem:

Use the simplex algorithm to solve the following

problem:
max z = 2x; — Xz + X3
s.t. 3x;p +x + x5 =60
2%+ x4+ 2xy =20
2y + 2x + x3 =20
X1, Xa, X3 =0
1.

Use the simplex algorithm to find the optimal solution to the following LP:

min z = —3x; + 8x;
5.t 4y + 2x, = 12
2x) +3x, =6
2 X.x =0
max z = —3x; + x; — 6x3
QX] +X2_QX3_2X4E
n+ty-2n-%=0
_QXJ - X3 + 9.\'3 + 2.,\'4 =1

[V

v=0 (i=1234
3. ( )

min z = 4x, + 4x, + x;

|
b3

8.t X, txt+ o=
2x, + x5
2x, + x; + 3xy

VIA
el ed

v

4 X X5 X3 =0




EXx per i3mé&oiving Linear Programming Problems:
Duality and Sensitivity Analysis

1. Objective

To understand the principles of duality and sensitivity analysis in linear programming.
To apply LINDO software for analyzing optimal solutions of LP problems.

To interpret reduced costs, shadow prices,allogvable ranges from LINDO output.

To evaluate the impact of parameter changes using the 100% rule.

To assess the stability and economic meaning of optimal LP solutions witkemivireg

the model.

= =4 =4 -4 A

2. Introduction

Linear programming models are extenswelsed in engineering, management science, and
operations research to determine the optimal allocation of limited resources among competing
activities. In practice, however, parameters such as cost coefficients, profit contributions, and
resource availabtly are often subject to uncertainty and may vary due to market conditions,
operational disruptions, or managerial decisions. As a result, an optimal solution obtained for a
given set of parameters may not remain valid when these values change.

Sensitivityanalysis provides a systematic framework to study how variations in model parameters
influence the optimal solution, the objective function value, and the feasibility of the solution. It
enables decisiomakers to assess the robustness of an optimalapldrio determine the range
within which parameter changes can occur without requiringptinization. Duality theory
complements sensitivity analysis by offering an economic interpretation of linear programming
solutions, particularly through concepts Isus shadow prices and resource valuation. Together,
sensitivity analysis and duality transform linear programming from a purely mathematical
optimization tool into a powerful decisisupport mechanism for realorld applications.

LINDO software provideduilt-in sensitivity and duality outputs that allow decisioakers to
perform whatif analysis efficiently.

3. Sensitivity Analysis: Fundamental Concepts

Sensitivity analysis studies how variations in LP parameters influence:
1 The optimal basis
1 Decision vaiable values
1 The optimal objective function value

It answers questions such as:

T How much is an additional unit of a resource worth?
1 Within what range can parameters change without altering the optimal plan?



T Which parameters are critical and which aggbinding?(A constraint is nonbinding if
the lefthand side and the rightand side of the constraint are unequal when the optimal
values of the decision variables are substituted into the congtraint.

Sensitivity analysis results are vatidly when the optimal basis remains unchanged

Example 1:

Winco sells four types of products. The resources needed to produce one unit of each and the sales
prices are given in Table 2. Currently, 4,600 units of raw material and 5,000hains are
available. To meet customer demands, exactly 950 total units must be prdQiustxiners also
demand that at least 400 units of product 4 be produced. Formulate an LP that can be used to
maxi mize Wincobds sales revenue.

Let x; = number of units of product / produced by Winco.
max zr = dx; + 6x, + Tay + Bxy
s.b X+ x4+ oxy + x, =950
x, = 400
2y + 3xy + dxy + Txy = 4,600
Ixy) + 4wy + S5xy + 6xy = 5,000

Xy, KXoy X3, Xy = 0

TABLE 2
(osts and Resource Requirements for Winco

Resource Product 1 Product 2 Product 3 Product 4
Raw material 2 3 4 7
Hours of labor 3 4 5 O
Sales price (5} 4 6 7 8
|
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NO. ITERATIONS- 4 Elapsed Time: ao:oo:0o0
RAHGES IN WHICH THE BASIS IS UNCHANGED:
OBJ COEFFICIEHT RANGES Update Interval: |1
VARTAELE CURRENT ALLOVAELE ALLOWAELE
COEF THCREASE DECREASE
H1 4.000000 1.000000 IHFINITY | Close |
q2 6.000000 0.66EEET 0.500000
€3 7.000000 1.000000 0.500000
H4 8.000000 2.000000 IHFINITY
RIGHTHAND SIDE RANGES
ROV CIREENT ALTOUAELE ALLOWARLE
RHS TNCREASE DECREASE
2 950000000 50000000 100000000
3 400.000000 37.500000 125.000000
4 4600. 000000 250.000000 150.000000
5 5000. 000000 INFINITY 250.000000




Example 2:

Tucker Inc. must duce 1,000 Tucker automobiles. The company has four prodymtots.

The cost of producing a Tucker at each plant, along with the raw material and labor needed, is
shownin Table 3T h e a ut dao uniorereqsirés that at least 400 cars be pextlatplant

3; 3,300 hours of labor and 4,000 units of raw material are available for allocation ftmuthe
plants. Formulate an LP whose solution will enable Tucker Inc. to minimize thefgstucing

1,000 cars.

Let x; = number of cars produced at plant i Then, expressing the objective function in
thousands of dollars, the appropriate LP is
minz = [5x; + 10x: + 9xy + Ty
st ¥+ x4 oxs 4+ oxy = 1000
X3 = 400
2y + 3y + g + 5xy = 3300
Jxp + des + Sxy + Gxy = 4000

XpL Ko, X3, = 0

TABLE 3
Gost and Requirements for Producing 2 Tocker
Cost
Plant (in Thousands of Dollars) Labor Raw Material
| 15 2 3
2 1o 3 4
3 4 5
4 7 3 {
L3
File Edit Solve Reports Window Help
D=l (e vREsa] O MaAm ZEs 2l
LF OPTIMUM FOUND AT STEP 2
OBJECTIVE FUNCTION VALUE
1) 11600.00
VARIAELE VALUE REDUCED COST
il 400000000 0.000000 LINDO Solver Status X
iz 200.000000 0.000000
i3 400.000000 0.000000 o
4 0.000000 7.000000 Optimizer Status
Statuz: Optimal
ROW  SLACK OR SURPLUS DUAL PRICES - z
2) 0.000000 —-30.000000 Eralons
3} 0.000000 —4.0o0ooo0o Infeasibility i]
4) 300.000000 0.000000 ]
g) 0.000000 5.000000 Dbiective 11600
NO. ITERATIONS= 2 Best P B
IP Bound Hrd
RANGES IN WHICH THE BASIS IS UNCHANGED: Branches Hoh
OBJ] COEFFICIENT RANGES Elapsed Time 00:00:00
VARIAELE CURRENT ALLOVAELE ALLOVAELE
COEF INCREASE DECREASE
b4l 15.000000 INFINITY 3.500000
iz 10.000000 2.000000 INFINITY i
%3 3.000000 INFINITY 1.000000 Update Interval
4 7.000000 INFINITY 7.000000
[ Oose |
RIGHTHAND SIDE RANGES
ROW CURRENT ALLOVAELE ALLOVAELE
RHS INCREASE DECREASE
2 1000.000000 66 BGEEGEY 100.000000
3 400000000 100000000 400000000
4 3300.000000 INFINITY 300.000000
5 4000.000000 300.000000 200.000000




3.1 Sensitivity with Respect tdbjective Function Coefficients
Each decision variable has an associedaede of optimality for its objective function coefficient.

1 Within the allowable range:
o The optimal basis remains unchanged
o Decision variable values remain unchanged
o Only theobjective value changes

1 Outside the range:
o The current basis may no longer be optimal
o Re-optimization is required

LINDO reports for each variable:

1 Current coefficient
7 Allowable increase
1 Allowable decrease

a Suppose Winco raises the price of product 2 by 50¢ per unit. What is the new opti-
mal solution to the LP?

b Suppose the sales price of product 1 is increased by 60¢ per unit. What is the new op-
timal solution to the LP?

£ Suppose the sales price of product 3 is decreased by 60¢. What is the new optimal so-
lution to the LP?

3.2 Reduced Cost

The reduced costof a variableindicates how much its objective coefficient must improve

before the variable can enter the optimal solutionThe REDUCED COST portion of the
LINDO output gives us information abokbw changing the objective function coefficient for

a nonbasic variablewil change t he L P.&esducedpcost reflectppostunityut i on
lossdue to excluding a variable from the basis.

0O Y variable is basic
0O Y variable is nonbasic

1T Reduced cost =
T Reduced cost |
For a maximization problemnonbasic variable with reduced coshust increase its coefficient
by r to become positive in the solutioRor a minimization problem aonbasic variable with
reduced cost mustdecreasds coefficient byr to become positive in the solution.



RANGES IN WHICH THE BASIS IS UNCHANGED:

OBJ COEFFICIENT RANGES

YARIABLE CUERENT ATTOWABTE ATLLOWABLE
CCEF INCREASE DECREASE

i1 4.000000 1.000000 INFINITY
i2 6. 000000 0.666667 0.500000
i3 Z7.000000 1.000000 0.500000
4 g.000000 2.000000 INFINITY

RIGHTHAND SIDE RAHGES

ROW CUERENT ATTOWABTE ATLLOWABLE
RHS INCREASE DECREASE

2 950. 000000 S50.000000 100. 000000

3 400 . 000000 37.500000 125.000000

4 4600 . 000000 250.000000 150. 000000

5 S000.a00000 INFINITY 250. 000000

Thenonbasic variablephas a reduced cost of $1. This implies that if we incregdesx obj ect i v
function coefficient (in this case, the sales price per unitobx exactly $1, then there will be
alternative optimal solutions at least one of which willdve % as a basic variable. If we increase

x60s objective function coefficient by more t
nondegenerate) any optimal solution to the LP will hawes»xa basic variable (with ¥ 0). Thus,

the reduced costfxti s t he amount by which x1 fAmisses th
RANGES IN WHICH THE BASIS IS UNCHANGED:

OBJ COEFFICIENT RANGES

VARIAELE CURRENT ALLOVAELE ALLOWAELE

COEF IHCREASE DECREASE

X1 15.000000 INFINITY 3.500000

%2 10.000000 2.000000 INFINITY

i3 9.000000 INFINHITY 4 000000

X4 7.000000 INFINITY 7.000000
RIGHTHAND SIDE RANGES

ROW CURRENT ALLOWAELE ALLOWAELE

RHS TNCREASE DECREASE

2 loo00.000000 EE.GBEEREY 100.000000

3 400.000000 100.000000 400.000000

4 3300.000000 INFINITY 300.000000

g 4000. 000000 300.000000 200.000000

The nonbasic variableskhas a reduced cost of 7 ($7,000), so we know that if the cost of producing
Xa is decreased by 7, then there will &léernative optimal solutions In at least one of thes
optimal solutions, xwill be a basic variable. If the cost of producings<lowered by more than

7, then (because the current optimal solution is nondegenerate) any optimal solution to the LP will
have % as a basic variable (with % 0).

3.3 Sensitivity with Respect to RightHand-Side (RHS) Values
Each constraint hasrange of feasibility for its RHS value.

T Within the allowable range:

o Currentbasis remainsptimal

o Shadow prices remain valid
1 Decision variable values may change
1 The objective value changes linearly



If a constraint has positive slack, changes in its RHS (within the allowable range) do not affect the
optimal solution.

a In Example 1, suppose that a total of 980 units must be produced. Determine the new
optimal z-value.

b In Example I, suppose that 4,500 units of raw material are available. What is the new
optimal z-value? What if only 4,400 units of raw material are available?

¢ In Example 2, suppose that 4,100 units of raw material are available. Find the new op-
timal z-value.

d In Example 2, suppose that exactly 950 cars must be produced. What will be the new
optimal z-value?

3.4 Shadow Price

Theshadow priceof a constraintis thechange in the optimal objectivevalue resulting from a
one-unit increase in the RHS of that constraint provided the current basis remains optirtial.
after a c¢hangaerghthand sae, the aursent basis is hodanger optimal, then the
shadow prices of all constraints matyange The shadow price for each constraint is found in the
DUAL PRICES section of the LINDO output

Maxi mi zati on problem Y marginal i ncrease i
Mi ni mization problem Y marginal decrease |
Shadow price is valid only within the allowable RH&ga

Binding constraint Y nonzero shadow price
Nonbinding constraint Y zero shadow price
A >= constraint will always haversonpositive shadow price; a <= constraint will always

have anonnegativeshadow price; and an equality constraint may have a positive, negative,

or zero shadow price. An equality constrai
zero.

T For any inequality constraint, thexgmgssoduct
variable and the constraintés shadow price
whose slack or excess variable is O will have a gkealow price. It also implies that any
constraint with a nonzero shadow price must be binding (have slaskess equal to 0).

=A =4 =4 =4 4 -4

Allowable Increases and Decreases for Constrains
with Nonzera Slack or Excess

Type of Al AD
Constraint for rhs for rhs

= L= a]

= Value for slack
= = Walue of excess = =

Letbébs give an interpretation to the shadow pr
all discussions are assuming that we are within the allowable range where the current basis remains
optimal. The shadow price of $3 for Constraint 1 in Exarfiptaplies that each oagnit increase

in total demand will increase sales revenues by $3. The shadow price of $2 for Constraint 2 implies



that each unit increase in the requirement for product 4 will decrease revenue by $2. The shadow
price of $1 for Consaint 3 implies that an additional unit of raw material given to Winco (for no
cost) increases total revenue by $1. Finally, the shadow price of $0 for Constraint 4 implies that
an additional unit of labor given to Winco (at no cost) will not increas® tevenue. This is
reasonable

RO SLACE OR SURFLUS DAL FRICES
27 0.0000o0 3.000000
3] 0.o000000 —2.000o0a
4] 0.o000000 1.000000
53 250. 000000 0.o000oa

(New optimal z-value) = (old optimal z-value) + (Constraint i's shadow price) Ab;
For a minimization problem,

(New optimal z-value) = (old optimal z-value) — (Constraint i's shadow price) Ab;

3.5 Degeneracy and Sensitivity Analysis
An LP solution isdegeneratef one or more basic variables have zero value.
Effects:

1 Allowable increases or decreases may be zero

1 Reduced cost interpretation becomes teiable

1 The basis may change without changing the objective value

Sensitivity results must be interpreted cautiously for degenerate solutions.

max z = fx; + dx, + 3x; + 2y

st 2x; + 3x, + oxy + 2xy = 400
X+ xp+ 2xy + oxy =150
2x; + xp + oxy + 5xy = 200
3x, + s xy = 230

Xype Xae Xz, Xy =10

Oddity 1 In the RANGES IN WHICH THE BASIS IS UNCHANGEDt least one constraint

will have a 0 Al or AD. This means that for at least one constraint, the DUAL PRICE can tell us
about the new-zalue for either an increase or decrease in the-hghtl side, but not both. To
understand Oddity 1, consider the first constraint. tsAlis Thi s means t hat t he
DUAL PRICE of .50 cannot be used to determine a n@alae resulting from any increase in the
first con-Bandsale.nt 6s ri ght



LF OPTIMUM FOUND AT STEP 3
COBJECTIVE FUWCTICN WVALUE
1) 700.00000
RRANGCESZ IN WHICH THE BASIZ IS UNCHANGED:

. P - S
vnarﬁaPE ?ALLE REDUCED COST 087 COEPFIOTENT RANGES
EL 500000040 000000 SppraRLE  CURRENT ALLOWABLE ALLOWABLE
X3 -0a00aa -00aoo0a X1  &.000000 3000000 3.000000
K4 .000000 1.50004040 X2  4.000000 5.000000 1.000000
X3 3.000000 3.000000 2.142857
X4 2.000000 1.500000 INFINITY
ROW SLACKE OR SURFLUS DUAL PRICES
3 a00aad co0aad ] ) RICHTHAND %IDE RANGES ‘
3 aaoaaa L zzao004 ROW  CURRENT ALPDBA%LE ELEDBA%LE
y Caaooaa hanooa RHE [NCRERSE DECRERSE
= - 2 400.000000 .000000 200.000000
5) .000000 1.2500400 3 150.000000 a00000 poaooo
4 200.000000 INFINITY _000000
MO. ITERATICHNS= 3 5 250.000000 000000 120.000004
THE TARLEAU
ROW [BREIS) X1 i) %3 ¥4 3LKE 2
1 ART 000 000 .000 1.500 .500
2 Xz _000 1.000 _000 500 _5a0
3 X3 000 L0000 1.000 (167 -.167
4 BLE 4 000 000 .000 -.500 000
5 X1 1.000 000 000 .187 -.167
ROW LK 3 SLE 4 SLE 5
1 1.250 000 1.250 700.000
2 250 L0090 -.250 14040000
3 583 000 083 000
4 san 1.000 500 _0an
5 083 000 417 50.000

Oddity 2 For a nonbasic variable to become positive, its objective function coefficient may have
to be improved by more than its REDUCED COST. To understand Oddity 2, consider the nonbasic
variable x%; its REDUCED COST is 1.5. If we increase its objective functioefficient by 2,
however, we still find that the new optimal solution has=». This oddity occurs because the
increase changes the set of basic variables b
Oddity3l ncreasing a vari abl enbby mwetharits Aliordecredsimgh ct i o
it by more than its AD may leave the optimal solution to the LP the same. Oddity 3 is similar to
Oddity 2. To understand it, consider the nonbasic variablés<Al is 1.5. If we increase its

objective function coefiient by 2, however, we still find that the new optimal solution is
unchanged This oddity occurs because tinerease changes the set of basic variables but not

the LP6s optimal solution
Summary of Sensitivity Analysis (Max Problem)
Change in Effect on Current Basis Is
Initial Problem Optimal Tableau Still Optimal If:

Changing nonbasic objective
function coefficient ¢;

Changing basic objective
function coefficient ¢;

Changing right-hand side of
a constraint

Changing the column of a
nonbasic variable x; or
adding a new variable x;

Coefficient of x; in optimal
row 0 is changed

Entire row 0 may change

Right-hand side of
constraints and row 0 are
changed

Changes the coefficient for
x; in row 0 and x,’s
constraint column in
optimal tableau

Coefficient of x; in row 0 for
current basis is still
nonnegative

Each variable still has a
nonnegative coefficient in
row 0

Right-hand side of each
constraint is still nonnegative

The coeflicient of x; in row
0 is still nonnegative




Sensitivity analysis results are valid only when:

T One parameter emges at a time
1 Changes remain within allowable ranges
1 The optimal basis remains unchanged

If multiple parameters change simultaneously, the validity of results must be checked using the
100% rule.

3.6 The 100% Rule

The 100% rule determines whether the current optimal basis remains valid whetiple
parameters change at the same tim@®epending on whether the objective function coefficient
of any variable with a zero reduced cost in the optimal tableau is changed, there casesvto
consider:

Case 1All variables whose objective function coefficients are changed have nonzero reduced costs
in the optimal row 0. In Case 1, the current basis remains optimal if and only if the objective
function coefficient for each variable resmms within the allowable range

Case 2At least one variable whose objective function coefficient is changedrealsi@ed cost
of zero. In Case 2, we can often show that the current basis remains optimal by using the 100%
Rule. Let

¢; = original objective function coefficient for x;
Ac; = change in ¢;

I; = maximum allowable increase in ¢; for which current basis remains optimal
(from LINDO output)

D; = maximum allowable decrease in ¢; for which current basis remains optimal
(from LINDO output)

For each variable x;, we define the ratio ;:

Ac,
If Ae,=0, r=—2
' S
—Ac,
If Ae,=0, r=——03
' D

If ¢; is unchanged, then r; = 0.

For objective function coefficients:

1 Compute the fraction of change for each coefficient
9 Sum of all fractions O 1 Y basis remains

(0]



x1 = number of desks produced
x2 = number of tables produced max z = 60x; + 30x; + 2013
x3 = number of chairs produced g, 8xy + 6xa+ x; =48  (Lumber constraint)
4oy + 20+ 155 =20 (Finishing constraint)
2y + L5x: + 05x5 = 8 (Carpentry constraint)
X2 = 5 (Limitation on table demand)

XL, xnxs= 0

LP OPTIMUM FOUND AT STEP 2
OBJECTIVE FUHNCTION VALUE RANGES IN WHICH THE BASIS IS UNCHANGED:
1) 280.0000 OBJ COEFFICIENT RANGES
YARIABLE CURRENT ALLOVABLE ALLOVAELE
VARTAELE VALUE REDUCED COST COEF INCREASE DECREASE
el 2.000000 0.000000 bial 60.000000 20.000000 4000000
iz 0.000000 5.000000 iz 30.000000 .000000 INFINITY
i3 g.000000 0.000000 i3 20.000000 2.500000 5.000000
RIGHTHAND SIDE RANGES
ROW  SLACK OR SURPLUS DUAL PRICES ROW CURRENT ALLOVARLE ALTOVABLE
i 24.0o0o0o o.oooooo RHS INCREASE DECREASE
3 0.o00000 10.000000 2 48.000000 INFINITY 24.000000
1) 0.000000 10.000000 : :
3 20.000000 4.000000 4.000000
5) 5.000000 0.000000
4 g.000000 2.000000 1.333333
WO ITERATIONS= 2 5 S .000000 INFINITY S.000000

EXAMPLE 4 Basis No Longer Optimal

Suppose the desk price increases to $70 and chairs decrease to $18. Does the current ba-
sis remain optimal? What is the new optimal z-value?
Solution  Because both desks and chairs have zero reduced costs (they are basic variables), we must

apply the 100% Rule to determine whether the current basis remains optimal. Returning
to the notation that x, = desks, x, = tables, and x; = chairs, we may write

Ac; = 70 — 60 = 10, L=20, so o =10=05

Acy =18 -20= -2, Dy=35 so ry=+=04
A =0, so =0

Because ry + r; + r3 = 0.9 = 1, the current basis remains optimal. Another way of look-
ing at it: We changed ¢, 50% of the amount it was “allowed” to change and ¢ 40% of
the amount it was “allowed” to change. Because 50% + 40% = 90% = 100%, the cur-
rent basis remains optimal.

The current basis remains optimal, so the values of the decision variables do not
change. Note that the revenue from each desk has increased by $10 and the revenue from
each chair has decreased by $2. Dakota is still producing 2 desks and 8 chairs, so revenue
increases by 2(10) — 8(2) = $4 and is now 280 + 4 = $284.

Depending on whether any of the constraints whose-hghtl sides re@ being modified are
binding constraintsthere are two cases to consider:

Case 1All constraints whose righttand sides are being modified aenbinding constraints. In
Case 1, the current basis remains optimal if and only if eachhrégitt side remas within its
allowable range.

Case 2At least one of the constraints whose righnd side is being modified is a binding
constraint (that ishas zero slack or zero excgsin Case 2, we can often show that the current
basis remains optimal vanother version of the 100% Rule. Let



h; = current right-hand side of the jth constraint (from row j + 1 on LINDO output)
Ab; = change in b;

{; = maximum allowable increase in b; for which the current basis remains optimal

(from LINDO output)

D; = maximum allowable decrease in b; for which the current basis remains optimal
(from LINDO output}

For each constraint, compute the ratio r;:

It Ab; =0, ;o =—

If Ab, =0, r; = —=

For RHS values:

1 Compute the fraction of change for each RHS )
f Sum of al | fractions O 1 Y basis remains

EXAMPLE 8 Basis Remains Optimal

In the Dakota problem, suppose 22 finishing hours and 9 carpentry hours are available.
Does the current basis remain optimal?

Solution The finishing and carpentry constraints are binding, so we are in Case 2 and need to use
the 100% Rule.

Ab, =0, 30 =10

Ab, =22 -20=2, L=4 s0o r=2=05
Ab; =9 —8=1, =2 s0 r;=3=05
Because ry + r, + r; = 1, the current basis remains optimal.

4. Duality in Linear Programming

In linear programming, every optimization problem, referred to apringal problem, has an
associatedlual problem that is derived systematically from the primal formulation. The primal
problem primarily concentrates on determining the optimal valudg@$ion variables in order

to achieve a specified objective, such as maximizing profit or minimizing cost, subject to a set of
constraints. In contrast, the dual problem shifts the perspective from deunigkimg toresource
valuation, where the object®is to evaluate the implicit worth or marginal value of the resources
represented by the primal constraints.

A fundamental principle of duality is that the primal and dual problems are closely interconnected
and convey the same economic information froffeent viewpoints. When both the primal and

dual problems are feasible and bounded, their optimal objective function values are equal. This
equivalence provides the theoretical foundation for interpreting shadow prices, reduced costs, and
sensitivity andysis results, and it ensures consistency between desiartable optimization and
resourcebased evaluation in linear programming models.



4.1 Finding the Dual of a Normal Max or Min Problem
For a maximization primal:
1 Each primal constrairgorresponds to a dual variable

1 Each primal variable corresponds to a dual constraint
1 Objective coefficients of the primal become RHS values of the dual

Sign rules:

9 O constraint Y dual variable O 0
¢ O constraint Y dual variable O O
T Equality Y wmestacted vari abl e wu
Finding the Dual of a Normal Max or Min Problem
max 7
min w (% =0) (% =10) [, =10)
Xy X2 Xy
(=0 W dayy s ayy =h
(v = 0) Va f s p =b,
(Ve = 0) Y il Qyiz - Ef’m
=0y =0y =0,
Primal: Dual:

max z = 60x; + 30x; + 20x;
s.1. By, + 6xy +  x; =48 {Lumber constraint) mil’l W= ‘-IE_].] + 2[]_]2 + E,]'E
4, +  2x, + L5xy; = 20 (Finishing constraint)
2x; + L5x; + 0.5x; =8 {Carpentry constraint) 5.1 H_]"I. + 4:1"3 + 2}'3 = bl

lT:.i_j|:|I + 2}"3 + ]..5}'3 3[]

Xy, X, X3 =0

W

x; = number of desks manufactured i + ]._5];'3 + [].51'3 = 2[]
x; = number of tables manufactured -
x3 = number of chairs manufactured Yis Vo V3 = 0
Primal: Dual:
min w = 50y, + 20y2 + 30y + 80y
st 400y, + 200y + 150y; + 500y; = 500 (Calorie constraint) max z = 500x; + 6x: + 10x; + Bxy
I+ 2 =6 (Chocolate constraint) _
yp + 2+ Ay + Ay =10 (Sugar constraint) 5.1, 4[]{}.1] + 3.1'2 + 2.1'_1, + 2).'4 = 5“
2y + dpa 3+ Sm=8 (Fat constraint) ~
o 200x; + 215 + 25 + 4r = 20
1500, T4+ =30
y1 = number of brownies eaten daily
2 = number of scoops of chocolate ice cream eaten daily 5[]{}_},] + 4_1'3 + 5_1'4 = E“

v3 = bottles of soda drunk daily
v4 = pieces of pineapple cheesecake eaten daily Xis X2s X3, X4 = []



4.2 Finding the Dual of a Nonnormal Max or MinProblem

Fortunately, an LP can be transformed into normal fdfmplace a max problem into normal
form, we proceed as follows:

Step 1 Multiply eackr= constraint by-1, converting it into &= constraint.

Step 2 Replace each equality constraint by itveguality constraints (&= constraint and &=
constraint). Then convert the= constraint to &= constraint.

Step 3Replace each urs variableby x = xi6 xi0, where 0 6 and x0>=0.

If the primal is not a normal min problem, then we transform it into a normal min problem as
follows

Step 1 Convert eactr constraint into &= constraint by multiplying through byt.

Step 2 Replace each equality constraint by aonstraint and a= constraint. Then transform the
>= constraint to &= constraint

Step 3 Replace any urs variabldy yi = yié yi0, whereyi6 6 andyio>=0.

min w = 2y, + 4y, + 6y; max z = 2x; + x; — x5
s.t. v+ 2ty =2 5.1 ntx—xn=2
1 —y=1 —x; —a; tar = -2
vatys =1 —2x; + a3 —af = -3
yp + 1 =3 x —xy Har =1

vpours, ¥y2, 13 = 0 XL, x5 =0

4.3 Economic Interpretation of the Dual

In linear programming, the dual problem provides a meaningful economic interpretation of the
primal problem byassigning values to the resources represented by the constraints. The variables
of the dual problem, known as dual variablespresent the implicit or marginal value of
resources in the optimal solutionThese values indicate how much the objective fonaotif the

primal problem would improve if the availability of a particular resource were increased by one
unit, assuming the current optimal basis remains unchanged.

Dual variables are numerically equal to the shadow prices of the corresponding primal
condraints and therefore play a critical role in sensitivity analysispositive dual variable
indicates that the associated resource is scarce and fully utilized, while a zero dual variable
implies that the resource has excess capacity and does not conttidbuo improving the
objective value The objective function of the dual problem represents the minimum total cost of
acquiring the required resources needed to satisfy the constraints of the primal problem. Thus, the
dual formulation provides valuable igéit into resource allocation efficiency and supports
managerial decisiomaking by quantifying the economic worth of limited resources.

Putting everything together, we see that the solution to the dual of the Dakota problem does yield
prices for lumber, fiishing hours, and carpentry hours.

The dual of the Dakota problem is

min w = 48y, + 20y, + 81

st 81+ dya + 2y3 =60 (Desk constraint) . L .
6y, + 2vs + 1.5y = 30 (Table constraint) ¥1 — Price paid for | board fi of lumber
vy + 151 + 0.5p; = 20 (Chair constraint) ¥z = price paid for 1 finishing hour

V1. ¥2. 13 =0 y3 = price paid for | carpentry hour



Complementary slackness conditions state:

T If a primal constraint has slack, the corresponding dual variable is zero
T If a dual constraint has slack, the corresponding primal variable is zero

This explains whynly binding constraints have nonzero shadow prices

4.4 Duality Theorems

Weak duality property: If x is a feasible solution for the
primal problem and y is a feasible solution for the dual
problem, then cx < yb.

Strong duality property: If x* is an optimal solution for
the primal problem and y* is an optimal solution for the
dual problem, then ex* = y*b.

1 If one problem has feasible solutions and a bounded objective function (and so has an
optimal solution), then so does the other problem, so both the weak and strong duality
properties are applicable.

1 If one problem has feasible solutions and an unbounded objective function (and so no
optimal solution), then the other problem has no feasible solutions.

1 If one problem has no feasible solutions, then the other problem hasrstlieasible
solutions or an unbounded objective function.

How to Read the Optimal Dual Solution from Row 0
of the Optimal Tableau If the Primal Is a Max Problem

Optimal value of dual variable y;

if Constraint i is a =< constraint — coefficient of 5; in optimal row 0 (31)

T?Tt:xlir;i:?: ;:i ad:_jllc:;?:::frzli;lh = —(coeflicient of ¢; in optimal row 0) (31)
Optimal value of dual variable y;
if Constraint { is an equality
constraint

How to Read the Optimal Dual Solution from Row 0

of the Optimal Tableau If the Primal Is a Min Problem

= (coeflicient of @; in optimal row 0) — M (317

Optimal value of dual variable x; . . .
o o B ) = coefficient of s; in optimal row 0
if Constraint i is a = constraint

Optimal value of dual variable x,

e oo .= —(coefficient of ¢; in optimal row 0

if Constraint 7 18 a = constraint ( ! P )
Optimal value of dual variable x,

if Constraint i is an equality = (coefficient of a; in optimal row 0) + M

constraimt



TABLE 24

Optimal Tableau for LP (32)

Basic
max z = 3x; + 2y, + 5x3 : K A g 5 & & a rhs Variable
s.t. X+ 30 2 =15 1 0 0 0 3 = M- M+ 3 63 z =¥

2,— =5 0 0 0 ! 5 2 —35 -5 B X3 = 35
) 9 1 %] LK}
26y + xp — 5xy3 =10 0 0 : 0 e _-ii‘.- 5 _{:: B X2 = n
Xp, X, X3 =0 0 : 0 0 2 n Tn i 1 X1 = n
TABLE 25
Finding the Dual of LP (32)
max r
min w (x, = 0) (v, =D (x;, =0
min w = 15y, + 5y, + 10y, X X2 X3
s.t. ¥ + 2 =3 (=0 i 1 3 2 =15
3+ 2+ =2 e =10) y2 0 2 -1 =5+
2 — ¥a— 5y =5 [ vz urs) » 2 1 5 =10*
’ U =3 =2 =5
v =0,y =0, v urs
By the Dual Theorem, the optimal dual objective function value w must equal 53~ In

summary, the optimal dual solution is

_ _ 568 51 8 . _ 9
W= T T s T g

4.5 Sensitivity Analysis from the Dual Perspective

T Changes in objective coefficients affelctal constraint feasibility
1 Changes in RHS values affect theal objective function
1 Allowable ranges ensure dual feasibility, preserving primal optimality

This provides the theoretical foundation for

Our proof of the Dual Theorem demonstrated the following result: Assuming that a set of basic
variables BV isfeasible, then BV is optimal (that is, each variable in row0 has anegative
coefficient) if and only if the associated dual solui®dual feasible.

Change 1 Changing the objective function coefficient of a nonbasic variable
Change 4 Changing the column of a nonbasic variable
Change 5 Adding a new activity
4.6 Interpretation of Duality in LINDO Output
For a max problem, LINDO gives the values of shadow prices in the DUAL PRICES column

of the output. The dual price for rowl on the LINDO output is the shadow price for the i
constraintand the optimal value for th& dual variable.



we see that for the Dakota problem,

vy = shadow price for lumber constraint = row 2 dual price = 0
vy = shadow price for finishing constraint = row 3 dual price = 10
vy = shadow price for carpentry constraint = row 4 dual price = 10

For a minimization problem, the entry in the DUAL PRICE ootufor any constraint is the
shadow priceThus, from the LINDO printout in Figure 6, we find that the shadow prices for the
constraints in the diet problem are as follows: caler@® chocolate= 2.5¢; sugar 7.5¢; and fat

=0. This implies that

1 Increasing the calorie requirement by | will leave the cost of the optimal diet un-
changed.

2 Increasing the chocolate requirement by 1 oz will decrease the cost of the optimal diet
by —2.5¢ (that is, increase the cost of the optimal diet by 2.5¢).

3 Increasing the sugar requirement by 1 oz will decrease the cost of the optimal diet by
—7.5¢ (that is, increase the cost of the optimal diet by 7.5¢).

4 Increasing the fat requirement by 1 oz will leave the cost of the optimal diet un-
changed.

Diet Problem

My diet requires that all the food I eat come from one of the four “basic food groups”
(chocolate cake, ice cream, soda, and cheesecake). At present, the following four foods
are available for consumption: brownies, chocolate ice cream, cola, and pineapple cheese-
cake. Each brownie costs 50¢, each scoop of chocolate ice cream costs 20¢, each bottle
of cola costs 30¢, and each piece of pineapple cheesecake costs 80¢. Each day, I must in-
gest at least 500 calories, 6 oz of chocolate, 10 oz of sugar, and & oz of fat. The nutri-
tional content per unit of each food is shown in Table 2. Formulate a linear programming
model that can be used to satisfy my daily nutritional requirements at minimum cost.

TABLE 2

Nutritional Values far Diet

Type of Food Calories Ghocolate (Ounces) Sugar (Ounces) Fat (Ounces)
Brownie 400 3 2 2
Chocolate 1ce cream

{1 scoop) 200 2 2 4
Cola (1 bottle) 150 0 4 |

Pineapple cheesecake
(1 piece) 500 0 4 5
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EXAMPLE 14 Changing Objective Function Coefficient of Nonbasic Variable

We want to change the objective function coefficient of a nonbasic variable. Let ¢, be the
coefficient of x, (tables) in the Dakota objective function. In other words, ¢ is the price

If y, =

at which a table is sold. For what values of ¢, will the current basis remain optimal?

Solution
of all the variables

If y, = 0, v, = 10, y3 = 10 remains dual feasible, then the current basis
are unchanged. Note that if the objective function coefficient for x,

and the values

is changed, then the first and third dual constraints remain unchanged, but the second

(table) dual constraint is changed to

0, v, =10,y =

6y + 2y, + L5y = ¢

10 satisfies this inequality, then dual feasibility (and therefore

primal optimality) is maintained. Thus, the current basis remains optimal if ¢, satisfies
6(0) + 2(10) + L.5(10) = ¢,, or ¢; = 35. This shows that for ¢, = 35, the current basis
remains optimal. Conversely, if ¢; = 35, the current basis is no longer optimal. This

agrees with the result obtained in Section 6.3.



Using shadow prices, we may give an alternative interpretation of this result. We can
use shadow prices to compute the implied value of the resources needed to construct a
table (see Table 30). A table uses $35 worth of resources, so the only way producing ta-
bles can increase Dakota’s revenues is if a table sells for more than $35. Thus, the current
basis fails to be optimal if ¢; > 35, and the current basis remains optimal if ¢, = 35.

TABLE 30

Why a Table Is Profitable at = $35/Table

Resource

ina Shadow Price Amount of Value of

Table of Resaurce ($) Resource Used Resource Used

Lumber 0 6  board ft 0(6) = %0

Finishing 10 2 hours 10{2) = %20

Carpentry 10 1.5 hours 10(1.5) = %15
Total: = $335

EXAMPLE 15 Changing a Nonbasic Variable

Solution

We want to change the column for a nonbasic activity. Suppose a table sells for $43 and
uses 5 board feet of lumber, 2 finishing hours, and 2 carpentry hours. Does the current
basis remain optimal?

Changing the column for the nonbasic variable “tables™ leaves the first and third dual con-
straints unchanged but changes the second to

5_1-'| + 2._1': + 2_}’3 = 43

Because vy = 0, v» = 10, vy = 10 does not satisfy the new second dual constraint, dual
feasibility is not maintained, and the current basis is no longer optimal. In terms of
shadow prices, this result is reasonable (see Table 31). Each table uses 540 worth of re-
sources and sells for $43, so Dakota can increase its revenue by 43 — 40 = 83 for each
table that is produced. Thus, the current basis is no longer optimal, and v, (tables) will be
basic in the new optimal solution.

TABLE 31
Shadow Price Interpretation of Table Production Decision ($40/Table)

Resource

ina Shadow Price Amount of Value of
Table of Resource (5] Resource Used Resource Used (5)
Lumber 0 5 board fi 0(5) = 50
Finishing 10 2 hours 10{2) = %20
Carpentry 10 2 hours 102y = %20

Total: = 540




EXAMPLE 186 Adding a New Activity

We want to add a new activity. Suppose Dakota is considering manufacturing footstools
{x4). A footstool sells for $15 and uses 1 board foot of lumber, | finishing hour, and 1
carpentry hour. Does the current basis remain optimal?

Solution Introducing the new activity (footstools) leaves the three dual constraints unchanged, but
the new wvariable x, adds a new dual constraint (corresponding to footstools). The new
dual constraint will be

¥ + ¥a + V3 = 15

The current basis remains optimal if v, = 0, y» = 10, v4 = 10 satisfies the new dual con-
straint. Because 0 + 10 + 10 = 15, the current basis remains optimal. In terms of shadow
prices, a stool utilizes 1{() = 50 worth of lumber, 1{10} = 510 worth of finishing hours,
and 1(10) = 510 worth of carpentry time. A stool uses 0 + 10 + 10 = $20 worth of re-
sources and sells for only $15, so Dakota should not make footstools, and the current ba-
sis remains optimal.

5. Practice
6 Sugarco can manufacture rk?ree types of candy bar. Each 1 Farmer Leary grows wheat and corn on his 45-acre
candy bar consists totally of sugar and chocolate. The farm. He can sell at most 140 bushels of wheat and 120

compositions of each type of candy bar and the profit earned | pyshels of corn. Each acre planted with wheat yields 5
from each candy bar are shown in Table 10. Fifty oz of bushels, and each acre planted with corn yields 4 bushels.

sugar and 100 oz of chocolate are available. After defining Wheat sells for $30 per bushel, and corn sells for $50 per

x; to be the number of Type i candy bars manufactured, bushel. To harvest an acre of wheat requires 6 hours of
Sugarco should solve the following LP: labor; 10 hours are needed to harvest an acre of corn. Up to

350 hours of labor can be purchased at $10 per hour. Let
max z = 3x, + Tx, + 5x, Al = acres planted with wheat; A2 = acres planted with
st n+t ntx=350 (Sugar constraint} corn; and L = hours of labor that are purchased. To maximize

profits, Leary should solve the following LP:

2xy + 3xs + xy = 100 (Chocolate constraint)
- max z = [50A1 + 200A2 — 0L

XXy Xy =0 st.  Al+ A2 =45
GAL + 10A2 - L =0
TABLE 10 L = 150
Amount of Amount of Profit SAl = 140
Bar Sugar (Ounces) Chocolate (Ounces) (Cents) 4A2 =120
ALAZL=0
1 1 2 3
el 1 3 7 Use the LINDO output in Figure 6 to answer the following
3 1 1 5 questions:

a If only 40 acres of land were available, what would
Leary’s profit be?

2 The following questions refer to the Sugarco problem b If the price of wheat dropped to $26, what would be
(Problem 6 of Section 6.3): the new optimal solution to Leary’s problem?
a For what values of profit on a Type | candy bar does t Use the SLACK portion of the output to determine
the current basis remain optimal? the allowable increase and allowable decrease for the

amount of wheat that can be sold. If only 130 bushels
of wheat could be sold. then would the answer to the
problem change?

b If a Type | candy bar used 0.5 oz of sugar and
0.75 oz of chocolate, would the current basis remain
optimal?

¢ A Type 4 candy bar is under consideration. A Type
4 candy bar yields a 10¢ profit and uses 2 oz of sugar
and | oz of chocolate. Does the current basis remain
optimal?




6 Steelco uses coal, iron, and labor to produce three types
of steel. The inputs (and sales price) for one ton of each
type of steel are shown in Table 8. Up to 200 tons of coal
can be purchased at a price of $10 per ton. Up to 60 tons of
iron can be purchased at $8 per ton, and up to 100 labor
hours can be purchased at $5 per hour. Let x; = tons of
steel 1 produced; x» = tons of steel 2 produced; and x; =
tons of steel 3 produced.

The LINDO output that yvields a maximum profit for the
company 1s given in Figure 11. Use the output to answer the
following questions.

a What would profit be if only 40 tons of iron could

be purchased?

b What iz the smallest price per ton for steel 3 that
would make it desirable to produce 117

€ Find the new optimal solution if steel 1 sold for 555
per ton.

1

Consider the LP:
max z = 9x; + Bxy, + Sxy + 4y

5.t Xy + x, = 200
X + Xy = 150
x; + xa + Xy = 350

1)(] +12+.\‘j+.\'45559
Xyps Xa, X3, Xy =0

a Solve this LP with LINDO and use your output to

show that the optimal solution is degenerate.



Experiment- 4. Solving unconstrained and constrained
nonlinear optimization problem

1. Objective
By the end of this experiment, students will be able to:
T Formulate nonlinear optimization problems.

1 Solve unconstrained nonlinear optimization probleisiag LINGO and MATLAB
T Solve constrained nonlineaptimization problemsising LINGO and MATLAB

2. Nonlinear Optimization

Nonlinear Programming (NLP) deals with optimization problems in which the objective function
and/or at least one constraint is nonlinear. Unlike linear programming, NLP problems reay hav
multiple local optima, saddle points, or no optimal solution at all.

A general nonlinear programming problem is expressed as:

Minimize or Maximize:

f(x) = f(x , x , é&, x )
Subject to:

g (x) O 0, i = 1, 2, €é, m
h (x) = 0, jJ =1, 2, é, p

wherexx W is the vector of decision variables.
3. Nonlinear Unconstrained Optimization

In unconstrained optimization, the objective function is optimized without any explicit constraints.
3.1 Necessary Condition

If f(x) has a local minimum at x* thenf(x*) = 0, wherenf is the gradient vectoGeometrically,
the gradient vector is normal to the tangent plane at the point x* as showruie Eigfor a

function of three variables. Also, it point ~__ inthe direction of maximum increase
in the function Bg(x*)
X1
9 (x%)

‘ Vf(x*) = axZ

af (xx)
L ox,




A X
8 VF(x)

M «— Surface
(x4, X, X3) = const.

Xz

X4

Figure 31.1: Visualization of gradient vector
3.2 SeconeOrder Conditions

Let H be the Hessian matrix ffk), where H is represented by,

R A
axlz axlaxz ax18xn
2 2 2
Ixox = x2: X1 axZ xZ: X
’;f  f S
| 0x,0x; Ox,0x, ox> |

T If His positive definite at x*, then x* is a local minimum.
T If H is negative definite at x*, then x* is a loqabximum.
T If His indefinite, then x* is a saddle point.

4. Nonlinear Constrained Optimization

When constraints are present, stationary points must satisfy additional optimality conditions.
4.1 KKT Condition

Let x* be a regular point of the feasible #wt is a local minimum for f(x) subject ta(X) = O; i
=1top; gx) <=0;j=1tom. Then there exist Lagrange multipliet§a pvector) andu* (an

m-vector) such that the Lagrangfamction is stationary with respect tQ %, u, and gat the point
X*.



1. Lagrangian Function

L(x,v,u,s)= f(x)+iv,-hi(x)+iuj (g;(x)+57)=f(x)+v'h(x)+u" (g(x)+s7)

=]

2. Gradient Conditions

oL _of , ak 98
=0; k=1
axk ax;t i=1 E,‘ g ax;‘ ' ton
oL

—=0=h(x*)=0; i=1t
. (x*) i op

f

a—L=0=(gJ(x*)+5f-)=0; j=ltom
o,

3. Feasibility Check for Inequalities
57 20; or equivalently g; <0; j=1tom
4. Switching Conditions

a_L:(}ﬁz”jﬁgj:O; j=lt0m

ds;
5. Nonnegativity of Lagrange Multipliers for Inequalities

u;=20; j=I1tom

6. Regularity Check
Gradients of active constraints should be linearly independent. In such a case the
Lagrange multipliers for the constraints are unique.

Exercise Problems

Exercise 411 NLP of several variables using MATLAB: A monopolist producing a single
product has two types of customers. If q1 units are produced for customhein customer 1 is
willing to pay a price of 70491l dollars. If g2 units are produced for customer 2, then customer 2
is willing to pay a price of 1501592 dollars. For g >0, the cost of manufacturing g units is 100
+15q dollars. To maximize profihnow much should the monopolist sell to each custotdsg?
MATLAB to determine your result.



Solution:

%% Monopolist Profit Maximization
clc; clear,;
syms gl g2

% Profit function
pi = (70*ql- 4*q1”2) + (150*q2- 15*q2"2)- (100 +15*(ql1+q2));

% Gradient and stationary point
grad = gradient(pi, [g1,92]);

sol = solve(grad==0, [q1,92]);
g_star = double([sol.q1, sol.q2)]);

% Hessian and eigenvalues
H_val = double(subs(hessian(pi,[q1,92]), {q1,92}, {g_star(1), g_star(2)}));
eig_H = eigH_val);

% Display results if concave
disp(‘Gradient:"); disp(grad);
disp('Hessian:"); disp(H_val);
disp('Eigenvalues:"); disp(eig_H);

if all(eig_H<O0)
disp('Global maximum confirmed.");
disp(['Optimal quantities: g1*=', num2str(g_star(1)), ', gf2hum2str(g_star(2))]);

end

Exercise 4.2 Solving for KKT points in MATLAB
Solve KKT condition for the problem: minimize f(x) = x{ + x3 — 3x,x, subject to
g:xf+x§—6 <0.

Solution:
L=xi+x3 =3xx +ulx? +x3 —6+s%) (a)

Since there is only one constraint for the problem, all points of the feasible region are
regular, so the KKT necessary conditions are applicable. They are given as

oL
—=2x; —3x +2ux; =0 (b)
3.1(1
9L _ 2%y =3x +2ux, =0 (©
E)xg

i 4xF—-6+52=0,5220,u=0 (d)

us =0 (e)



For the present example, components of the vector x are defineb) asxd(, x(2) = x2, X(3) =
u, and x(4) = s. In terms of these variables, the KKT conditions of Egs. (b)aie (&)itten as a
system of functions in MATLAB.

%% Solve KKT system using fsolve
clc; clear,;

% Define the system as a function

fun = @(X) [2*X(1) - 3*X(2) + 2*x(3)*x(1);
2*X(2) - 3*x(1) + 2*x(3)*x(2);
X(1)"2 + x(2)"2- 6 + x(4)"2;
X(3)*x(4)];

% Initial guess
x0=11;1;1;1];

% Solve using fsolve
[x_sol, fval] = fsolve(fun, x0);

% Display solution
disp('KKT point:");
disp(x_sol);

Exercise 4.3 Solving NLP using LINGO

Firerock produces rubber used for tires by combining three ingredients: rubber, oil, and
carbon black. The cost in cents per pound of each ingredient is given in Table 6.

The rubber used in automobile tires must have a hardness of between 25 and 35, an
elasticity of at least 16, and a tensile strength of at least 12. To manufacture a set of four
automobile tires, 100 pounds of product is needed. The rubber used to make a set of four
tires must contain between 25 and 60 pounds of rubber and at least 50 pounds of carbon
black. If we define

R = pounds of rubber in mixture used to produce four tires
O = pounds of oil in mixture used to produce four tires
C = pounds of carbon black used to produce four tires
then statistical analysis has shown that the hardness, elasticity, and tensile strength of a
100-pound mixture of rubber, oil, and carbon black is as follows:
Tensile strength = 12.5 — .10(0) — .001 (O)°
Elasticity = 17 + .35R — .04(0) — .002(R)"
Hardness = 34 + .10R + .06(0) — .3(C) + .001(R)(O) + .005(0)* + .001C*



Cost
Product (Cents/Pound)

Rubber 4
0il 1
Carbon black 7

Formulate an NLP whose solution will tell Firerock how to minimize the cost of produc-
ing the rubber product needed to manufacture a set of automobile tires.

Solution

LINGO CODE

MODEL:
I Decision variables (Ib per 166 mixture);
I'R = rubber, O = oil, C = carbon black;

MIN = 4*R + 1*O + 7*C;

I Mixture constraint;

R+ 0O+ C=100;

I Bounds;

R >=25;

R <=60;

0 >=0;

C >=50;

I Tensile strength constraint;
12.5- 0.10*O- 0.001*O"2 >= 12;
I Elasticity constraint;

17 + 0.35*R- 0.04*O- 0.002*R"2 >= 16;

I Hardness (MINIMUM onlyd no upper bound);
34 + 0.10*R + 0.06*0 0.3*C

+ 0.001*R*O + 0.005*0O"2 + 0.001*C"2 >= 25;
34 + 0.10*R + 0.06*0 0.3*C

+ 0.001*R*O + 0.005*0O"2 + 0.001*C"2 <= 35;
END

As it is not a convex programming problem, we cannot be sure that LINGO has found the optimal
solution. To see if LINGO has actuallgund the optimal solution to the NLP, we have to use the
INIT command to input a wide variety of starting solutions. however, extensive use of the INIT
command failed to turn up any better solutions, so we are fairly confident that LINGO has found
the optmal solution

I Manually add INIT points;
INIT: R=20; O =5; C=7ENDINIT



Practice problems

1. Oilco produces three types of gasoline: regular, unleaded, and premium. All three are produced

by combining lead and crude oil brought in from Alaska and$eThe required sulphur content,

octane levels, minimum daily demand (in gallons), and sales price per gallon of each type of

gasoline are given ithe Table4.1 The crude brought in from Alaska is made by blending two
types of crude: Alaskal and AlagkaThe Alaska crude is blended in Alaska and shipped via

pi peline

t o

Oi

cobs Texas refi

nery.

At

mo s t

Alaska. The sulphur content, octane level, daily maximum amount available (in gallons) and
purchase cst (per gallon) for each type of Alaska crude, Texas crude, and lead are gale in

4.2. Of course, unleaded gasoline can contain no lead. Formulate an NLP to help Oilco maximize

the daily profit obtained from selling gasolindgse LINGO to determinegur result.

Table 4.1: Gasoline Production data

Sulphur Octane Minimum Sales
Type of Gasoline Content (%) Level Daily Demand (Gallons) Price ($)
Regular =3 = 90 5,000 .86
Unleaded =3 = 88 5,000 93
Premium =28 = 04 5,000 1.06
Table 4.2: Crude data
Sulphur Octane Maximum Cost
Type of Input Content (%) Level Availability (Gallons) (per Gallon) ()
Alaska 1 4 91 0 .78
Alaska 2 1 97 0 .88
Texas 2 83 11,000 75
Lead 0 800 6,000 1.30

2. Truckcois trying to determine where it should locate a single warehouse. The positions in the

X1y plane (in miles) of four customers and the number of shipments made annually to each

customer are given in Table 5. Truckco wants to locate the warehouse to mithmizotal
distance trucks must travel annually from the warehouse to the four customers.

Table 4.3: Shipping distance and amount

Coordinate
Gustomer X y Number of Shipments
1 5 10 200
2 10 5 150
3 0 12 200
4 12 0 300



Experiment-5: Solving the Transportation Problem Using
LINDO .

1. Objective
By the end of this experiment, studewifi be able to:

1 Formulatetransportatiorproblems.
1 Solve balanced and unbalanced transportation problems using LINDO.
1 Solve different rethods for initial basic feasible solution

2. Introduction to Transportation Problem

The transportation problem is t@hsport various amounts of a singlEmogeneousommodity
thatareinitially storedat variousorigins, todifferent destinationsn sucha way that the total
transportatiorcostis a minimum. It can also be defined as to ship goods from vaoiigiss to
various destinations in such a manner that the transportation cost is a minimum. The availability
as well as the requirements is finite. It is assumed that the cost of shipping is linear.
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3. BalancedTransportation Problem Formulation

Example: PowerCo has three electric power plants that supply the needs of four Eitiek.

power plant can supply the following numbers of kilowaitirs (kwh) of electricity: plantdl 35

million; plant 2 50 million; plant 40 million (see Table 1). The peak power demands in these

cities, which occur at the same time (2 P.M.), are as follows (in kwh): &iggslmillion; city 20

20 million; city 3 30 million; city 49 30 million. The costs of sending 1 million kwh of electricity

from plant to city depend on the distance the electricity must travel. Formulate an LP to minimize
the cost of meeting each citydés peak power de

Solution:

Shipping Costs, Supply, and Demand for Powerco

To
Supply
From City 1 City 2 City 3 City 4 (million kwh)
Plant 1 S8 S6 $10 $9 35
Plant 2 S9 $12 $13 $7 50
Plant 3 $14 S9 $16 $5 40)
Demand 45 20 30 30

(million kwh)




To formulate Powerco’s problem as an LP, we begin by defining a variable for each deci-
sion that Powerco must make. Because Powerco must determine how much power is sent
from each plant to each city, we define (fori = 1,2,3 andj = 1, 2, 3, 4)

x; = number of (million) kwh produced at plant i and sent to city j

In terms of these variables, the total cost of supplying the peak power demands to cities
1-4 may be written as
8x11 + 6x12 + 10x;3 + 9x14 (Cost of shipping power from plant 1)
+ 9x5, + 12x55 + 13x535 + Tx4 (Cost of shipping power from plant 2)
+ 14x5, + 9x3, + 16x33 + 5x34 (Cost of shipping power from plant 3)

Powerco faces two types of constraints. First, the total power supplied by each plant
cannot exceed the plant’s capacity. For example, the total amount of power sent from plant



| to the four cities cannot exceed 35 million kwh. Each variable with first subscript 1 rep-
resents a shipment of power from plant 1, so we may express this restriction by the LP
constraint

X1 + X2 + X13 + X114 = 35

In a similar fashion, we can find constraints that reflect plant 2°s and plant 3’s capacities.
Because power is supplied by the power plants, each is a supply point. Analogously, a
constraint that ensures that the total quantity shipped from a plant does not exceed plant
capacity is a supply constraint. The LP formulation of Powerco’s problem contains the
following three supply constraints:
Xy txptx; =35 (Plant 1 supply constraint)
Xap + Xa0 + X535 + x4 = 50 (Plant 2 supply constraint)
X3p + X35 + x33 + x33 =40 (Plant 3 supply constraint)
Second, we need constraints that ensure that each city will receive sufficient power to
meet its peak demand. Each city demands power, so each is a demand point. For exam-

ple, city I must receive at least 45 million kwh. Each variable with second subscript 1
represents a shipment of power to city 1, so we obtain the following constraint:

X1 + X2 + X3 =45

Similarly, we obtain a constraint for each of cities 2, 3, and 4. A constraint that ensures
that a location receives its demand is a demand constraint. Powerco must satisfy the fol-
lowing four demand constraints:
Xii ¥ X3 53,245 (City 1 demand constraint)
Xi2 + X33 +x30=20 (City 2 demand constraint)
X1z + Xo3 + %33 = 30 (City 3 demand constraint)
Xja +Xo3 + X34 = 30 (City 4 demand constraint)
Because all the x;;’s must be nonnegative, we add the sign restrictions x; = 0 (i = 1, 2,
3;/j=123,4).
Combining the objective function, supply constraints, demand constraints, and sign re-
strictions yields the following LP formulation of Powerco’s problem:
minz = 8.,"” + 6_\'|2 + lO.l']} + 9,\']4 + 9.1'21 + 12.1'22 + l3."23 + 7.,\'24
+ l4X3l + 9.\'32 + ]6.Y33 + 5.\'34
st. xpp txp2Hx3+x4=35 (Supply constraints)
X231+ X2 + X2z x4 =50

X3t X3 x5 a3y =40



X1+ X + X3 =45 (Demand constraints)

X12 + X22 + X32 =20
X13 + X233 + X33 =30
X14 + X4 + X34 =30

.\',_','20 (i= 1.2,3;j= 152~3s4)

TABLE 3 City 1 City 2 City 3 City 4 Supply
Transportation Tableau
8 6 10 9
for Powerco l— L I—— l—

Plant 1 10 25 35
9 | 12 | 13 | 7

Plant 2 45 5 50
14 | 9 | 16 I 5 |

Plant 3 10 30 40

Demand 45 20 30 30

Supply points Demand points

FIGURE 1
Graphical
Representation of
Powerco Problem and
Its Optimal Solution

optimal solution to this LP is z = 1020, x;, = 10,
X13 = 25, x5 = 45, xa3 = 5, x35 = 10, x34 = 30. Figure 1 is a graphical representation
of the Powerco problem and its optimal solution. The variable x;; is represented by a line,
or arc, joining the ith supply point (plant /) and the jth demand point (city j).



4. Balancing aTransportation Problem if total supply exceeds total demand

If total supply exceeds total demand, we can balance a transportation problem by creat-
ing a dummy demand point that has a demand equal to the amount of excess supply.
Because shipments to the dummy demand point are not real shipments, they are assigned
a cost of zero. Shipments to the dummy demand point indicate unused supply capacity.
To understand the use of a dummy demand point, suppose that in the Powerco problem,
the demand for city 1 were reduced to 40 million kwh. To balance the Powerco problem,
we would add a dummy demand point (point 5) with a demand of 125 — 120 = 5 mil-
lion kwh. From each plant, the cost of shipping 1 million kwh to the dummy is 0. The op-
timal solution to this balanced transportation problem is z = 975, x;3 = 20, x;, = 15,
Xo1 = 40, xo3 = 10, x35 = 5, x34 = 30, and x35 = 5. Because x35 = 5, 5 million kwh of
plant 3 capacity will be unused (see Figure 2).

Shipping Costs, Supply, and Demand for Powerco
To

Supply
From City 1 City 2 City 3 City 4 (million kwh)
Plant 1 S8 S6 $10 $9 35
Plant 2 $9 $12 $13 $7 50
Plant 3 $14 $9 $16 $5 40
Demand 40 20 30 30

(million kwh)



Supply points Demand points

.\'1=35

FIGURE 2

Graphical ‘
Representation of
Unbalanced Powerco s = 50 @ m
Problem and s 2 -

Optimal Solution (with
Dummy Demand Poin)

,\'}5 = 5
(15 = 1

5. Balancing aTransportation Problem if total supply is less thantotal
demand

Problem: Two reservoirs are available to supply the water needs of three cities. Each reservoir
can supply up to 50 million gallons of water per day. Each city woulddikeceive 40 million

gallons per day. For each million gallons per day of unmet demand, there is a penalty. At city 1,
the penalty is $20; at city 2, the penalty is $22; and at city 3, the penalty is $23. The cost of
transporting 1 million gallons of watdrom each reservoir to each city is shown in Table 4.
Formulate a balanced transportation problem that can be used to minimize the sum of shortage and
transport costs.



Solution  In this problem,

Daily supply = 50 + 50 = 100 million gallons per day
Daily demand = 40 + 40 + 40 = 120 million gallons per day

To balance the problem, we add a dummy (or shortage) supply point having a supply of
120 = 100 = 20 million gallons per day. The cost of shipping 1 million gallons from the
dummy supply point to a city is just the shortage cost per million gallons for that city. Table
5 shows the balanced transportation problem and its optimal solution. Reservoir 1 should
send 20 million gallons per day to city 1 and 30 million gallons per day to city 2, whereas
reservoir 2 should send 10 million gallons per day to city 2 and 40 million gallons per day
to city 3. Twenty million gallons per day of city 1’s demand will be unsatisfied.

TABLE 4
Shipping Costs for Reservoir
To
From ity 1 ity 2 City 3
Reservoir 1 §7 $8 $10
Reservoir 2 $9 $7 $8
TABLE 5 City 1 City 2 City 3 Supply
Transpun?(t]mrll‘ :::Ie:.u 7 g 10
FeSenol Reservoir 1 20 30 50
9 ¥ 8
Reservoir 2 10 40 50
20 22 23
Dummy (shortage) 20 20

Demand 40 40 40



6. Balanced transportation problems(PowerCo)using LINDO:

ﬁ LINDO - [<untitled>]

% File Edit Solve Reports Window Help

DizzEa oevrese Be RAD 2E 2

Min

8X11 + 6X12 + 10X13 + 9X14 + 9X21 + 12X22 + 13X23 + 7X24 + 14X31 + 9X32 + 16X33 + 5X34
ST

¥11 + X12 + X13 + X14 = 35

X21 + X22 + X23 + X24 = S0

X31 + X32 + X33 + X34 = 40

11 + X21 + X31 = 45
{12 + X22 + X32 = 20
X13 + X23 + X33 = 30
{14 + X24 + X34 = 30

ENIJ

File Edit Solve Reports Window Help

Dig=mdeEe Yo alsxel=lmal =]

ILP OPTIMUM FOUND AT STEP 8
OBJECTIVE FUNCTION VALUE
1) 1020 .000
VARIABLE VALUE REDUCED COST
X11 0.000000 2 .000000
X12 10 000000 0 000000
X13 25 . 000000 0. 000000
X14 0. 000000 7 . 000000
X221 45 000000 0 000000
X22 0 _000000 3. 000000
X23 S .000000 0._000000
X224 0.000000 2. 000000
X31 0. 000000 S 000000
X32 10 000000 0. 000000
X33 0.000000 3.000000
X34 30 000000 0 000000
ROW SLACK OR SURPLUS DUAL PRICES
2) 0 ._00000O0 3.000000
3) 0. 000000 0. 000000
4) 0 000000 0 000000
S) 0 .00000O0 —9 . 000000
6) 0.000000 —9 . 000000
7) 0.000000 —13 000000
8) 0.000000 —S 000000
NO. ITERATIONS= 8
RANGES IN WHICH THE BASIS IS UNCHANGED:
OBJ COEFFICIENT RANGES
VARIABLE CURRENT ALTOWVABLE ALTOWABLE
COEF INCREASE DECREASE
X111 8 . 000000 INFINITY 2. 000000
X122 6. 000000 2. 000000 3 .000000
X13 10 000000 2.000000 2.000000
X14 9 .000000 INFINITY 7_.000000
X21 9 ._000000 2_000000 INFINITY
X22 12 000000 INFINITY 3. 000000
X23 13 . 000000 2 _ 000000 2 000000
X224 7.000000 INFINITY 2.000000
X31 14 000000 INFINITY S . 000000
X32 9 .000000 3.000000 2.000000



7. Methodsto obtain the initial basicfeasiblesolution:
Tabular Representation

Let'm'denotenumberof factories( f 1, f 2 &€ f m)

Let'n'denotenumberof warehousé w1l , w2 é . wn)

w w1l w2 . Wn Capacities
f (availability)
F1 Ci11 Ci12 . Ciln Al

F2 C21 C22 3 C2n A2

Fm Cml Cm2 _ Cmn Am
Required | Bl B2 . Bn X OO0
w w1l W2 . Wn Capacities
f (availability)
F1 X11 X12 .. Wi1n Al

F2 X21 X22 .. X2n A2

Fm Xml Xm2 ) Xmn Am
Required | B1 B2 . Bn X O 00

In general these two tables are combined by inserting each unitogdgith the
correspondingamountcq’m the cell (1,j). the productain o aives the net cost of

shipping units from the factory fi to warehous#®)



7.1 North 7 west cornerrule:
Step-1:

1 The first assignment is made in the cell occupying the upperhiafitd (northwest)
corner of the table.
1 The maximum possible amountaocated here i.e. x11=min (al,bl). This value of

x11 is then entered in the cell (1,1) of the transportation.table

Step-2:
1 If b1>almoveverticallydownwarddothesecondowand makehesecondllocation
of amountx21=min(a2,bix11)in thecell (2,1).
1 If bl < al,movehorizontallyright sideto the secondcolumn and make the second
allocation of amount x12=min(a%x11,b2) in the cell(1,2).
1 If bl=al, there idie for thesecond allocation. Oneanmake a second allocation of
magnitude x12=min(a&l,b2) in the cell(1,2) or x21=min(a2;bl1)in the cell(2,1).

Step-3:
{1 Start from the new norttvest corner of the transportation table and repeat steps 1 and

step 2 until all the requirements are satisfied.

Example: Find the initial basic feasible solution by usimgrth -west cornerrule.

w W1 W2 W3 w4 Factory
f capacity
F1 19 30 50 10 7
F2 70 30 40 60 9
F3 40 8 70 20 18
Warehouse 5 8 7 14 34
requirement
w1 W2 W3 W4 Availability




F1 5 2 7 2
(19) (30)
F2 6 9 3
(30) (40)
F3 14 18 |14
(70) (20)

Requirements 5 8 14

0 6 0

0

Solution:
Initial basicfeasiblesolution
X11=5,X12=2,X22-6, X23=3,X33=4,X34=14
The transportation cost is
5(19)+2(30)+6(30)+3(40)+4(70)+14(20)=$1015
72Vogel 6s Approximation Method (VAM)

Step-1:

Step-2:

1 For each row of the table, identify the smallest and the next to smallefet@stine
thedifferentbetweerthem foreachrow. Thesearecalled penalties. Piihem aside by

enclosing them in the parenthesis against the respective rows. Similarly compute

penalties for each column.

1 Identify therow or columnwith thelargestpenalty.If atie occursthenuse ararbitrary
choice Letthelargespenaltycorrespondingp thei row have the cost cij allocate the

largest possible amount xij=min(ai,bj) in the cell(l,j) and cross out eithemi or "

column in the usual manner.




Step-3:

1 Againcomputetherow andcolumnpenaltiedor thereducedableandthen go to step

2. Repeat the procedure until all the requirements are satisfied.

Example: Find the initial basic feasible solution by usvigp g eAppiogimation
Method (VAM) .

w1l W2 W3 w4 Availability
F1 19 30 50 10 7
F2 70 30 40 60 9
F3 40 8 70 20 18
Requirements | 5 8 7 14
Solution:
w1 W2 W3 W4 Availability
F1 |19 30 50 10 7 19-10=9
F2 | 70 30 40 60 9 40-30=10
F3 |40 8 70 20 18 20-8=12
5 8 7 14
40-19=21 | 30-8=22 | 50-40=10 20-10=10
w1 W2 W3 W4 Availability
F1 |19 30 50 10 7 9
F2 |70 30 40 60 9 10
F3 | 40 8 70 20 10 12
8
5 0 7 14
21 X 10 10
W1 W2 W3 W4 Availability
F1 |19 = 30 50 10 2 9
F2 |70 30 40 60 9 20
F3 | 40 8 g 70 20 10 20
0 0 7 14
X X 10 10




W1 W2 W3 W4 Availability
F1 | 19 30 50 10 2 40
F2 |70 30 40 60 9 20
F3 |40 8 70 20 0 X
10
0 0 7 4
X X 10 50
W1 W2 W3 W4 Avalilability
F1 | 19 30 50 10 5 0 X
F2 |70 30 40 60 9 20
F3 |40 8 70 20 0 X
10
0 0 7 2
X X 10 50
W1 W2 W3 W4 Availability
F1 | 19 30 50 10 ) 0 X
F2 |70 30 40 60 . 0 X
F3 |40 8 70 20 0 X
10
0 0 0 0
X X X X

Initial basic feasible solutiof11=5,X14=2,X23=7,X24=2,X32=8,X34=10.

Thetransportatiorcostis

5(19)+2(10)+7(40)+2(60)+8(8)+10(20)=$779




Practice Problem:

1.A bank has two sites at which checks are processed. Site 1 can process 10,000 checks per day,
and site 2 can process 6,000 checks per day. The bank processes three types of checks: vendor,
salary, and personal. The processing cost per check depends da.tBadh day, 5,000 checks

of each type must be processed. Formulate a balanced transportation problem to minimize the daily

cost of processing checks.

Site (¢)
Checks 1 2
Vendor S 3
Salary 4 4
Personal 2 S 2. A

company supplies goods to three customers, who each require 30 units. The company has two
warehouses. Warehouse 1 has 40 units available, and warehouse 2 has 30 units available. The costs
of shipping 1 unit from warehouse to customer. There is a penalty for each unmet customer unit
of demand: With customer 1, a penalty cost of $90 is incurreti; smistomer 2, $80; and with
customer 3, $110. Formulate a balanced transportation

To

From Customer 1 Customer 2 Customer 3

Warehouse 1 $15 $35 $25
Warehouse 2 $10 $50 $40




Experiment-6: Solving the Assignment Problem Using
LINDO.

1. Objective
By the end of this experiment, students will be able to:

1 Formulateassignmenproblems.
1 Solve balanced and unbalan@ssignmenproblemsby The Hungarian Method.
1 Solve balanced and unbalan@ssignmenproblemsusing LINDO.

2. Introduction to AssignmentProblem

TheAssignment Problemis a special type of linear programming problem in OpmnatResearch

that deals with allocating a set of resources to a set of tasks in an optimal way. The main objective
is to assign each resource to exactly one task such that the total cost is minimized or the total profit
is maximizedTypically, the numbeof resources and tasks are equal, forming a square cost matrix.
Each element of the matrix represents the cost (or time, or profit) of assigning a particular resource
to a specific task. The solution must satisfy two main constraints:

1. Each resource is dgsed to only one task.
2. Each task is performed by only one resource.

The Assignment Problem is actually a special case of the Transportation Problem, where supply
and demand for each source and destination are equal to one unit. Because of this gtoacture,

be solved efficiently using specialized methods such as the Hungarian MEtie@roblem has

wide practical applications in real life, such as assigning workers to jobs, machines to tasks,
salespeople to territories, or teachers to courses. Binfjrihe optimal assignment, organizations

can minimize operational costs, improve efficiency, and ensure better utilization of resources.

The Assignment Problem

Resources Cost Matrix Tasks

@ Worker A Task 1 | Task 2 | Task 3 C/@fz—{ Task 1
adin, \ 8 g L._— ©
W # Worker B _{ D 7 6 [ —— :I Task 2

g 7004 e b
¢ = iy Worker C - Minimize Total Cost |‘/*I Task 3
L 1o Assign — e L-To Complete ]

Optimal Assignment: Each Resource Assigned to One Task



3. BalancedAssignmentProblem Formulation

Example: Machineco has four machines and four jobs to be complegeth. lBachine must be
assigned to complete one job. The time required to set up each machine for completing each job
is shown inTable 43 Machineco wants to minimize the total setup time needed to complete the
four jobs. Use linear programming to sots problem.

TABLE 43
Setup Times for Machineco

Time (Hours)

Machine Job 1 Job 2 Job 3 Job 4
1 14 5 8 o
2 2 12 6 S5
3 T 8 3 9
4 2 e 6 10

Solution Machineco must determine which machine should be assigned to each job. We define (for
L= 152,3;4)

x; = 1 if machine 7 is assigned to meet the demands of job j
x; = 0 1f machine 7 is not assigned to meet the demands of job j
Then Machineco’s problem may be formulated as

min z = l4~\'“ + S.T[z + 8.1'|3 + 7,\'14 + 2.1'2[ + 12.\'22 + ().\'23 + S.\'z.;
+ 7.\'3| + 8.\'33 + 3.\'33 + 9,\'34 + 21'_“ + 4.\'42 + (),\'43 + l()\.“

st axptxiptxztxg=1 (Machine constraints)
Xo1 + Xp + X3 + x4 =1
X3 + X32 + X33 x4 =1
Xy F Xg0 + x43 x4y =1 (13)
Xy + X + X3 +xy =1 (Job constraints)
X132+ X + X35+ x40 =1
X3+ X3 + X33 + x43 =1
Xig + X4 + X34 + x44 = 1
x; =0 or x; =1

The first four constraints in (13) ensure that each machine is assigned to a job, and the
last four ensure that each job is completed. If x;; = 1, then the objective function will pick
up the time required to set up machine i for job j; if x;; = 0, then the objective function
will not pick up the time required.

Ignoring for the moment the x;; = 0 or x;; = I restrictions, we see that Machineco faces
a balanced transportation problem in which each supply point has a supply of 1 and each



demand point has a demand of 1. In general, an assignment problem is a balanced trans-
portation problem in which all supplies and demands are equal to 1. Thus, an assignment
problem is characterized by knowledge of the cost of assigning each supply point to each
demand point. The assignment problem’s matrix of costs is its cost matrix.

All the supplies and demands for the Machineco problem (and for any assignment
problem) are integers, so our discussion in Section 7.3 implies that all variables in Ma-
chineco’s optimal solution must be integers. Because the right-hand side of each con-
straint is equal to 1, each x; must be a nonnegative integer that is no larger than 1, so
each x;; must equal 0 or 1. This means that we can ignore the restrictions that x;; = 0 or
1 and solve (13) as a balanced transportation problem. By the minimum cost method, we
obtain the bfs in Table 44. The current bfs is highly degenerate. (In any bfs to an m X m
assignment problem, there will always be m basic variables that equal 1 and m — 1 basic
variables that equal 0.)

We find that €43 = 1 is the only positive ¢;;. We therefore enter x,; into the basis. The
loop involving x4; and some of the basic variables is (4, 3)—(1, 3)—(1, 2)—(4, 2). The odd
variables in the loop are x5 and x4,. Because x;3 = x4, = 0, either x5 or x4, will leave

TABLE 44 Joh 1 Job 2 Job 3 Job 4
Basic Feasible Solution
for Machineco = 3 A 8 i
[14] EN L8 | [2 ]
Machine 1 u=10 1 0 0 1
| 2 12 6 | 5
Machine 2 -2 1 1
L7 ] [ 8 ] 3] "2 ]
Machine 3 =5 1 1
[2] L4 L6 | [10]
Machine 4 =% 1 0 1
1 1 1 1
TABLE 45 Joh 1 Job 2 Job 3 Job 4
Xy3 Has Entered the Basis
v = 3 5 7 7
[ 14 ] ER L8 | L7
Machine 1 uy =0 1 0 1
2 12 6 | s
Machine 2 —2 1 1
L7 ] L8] L3 | B
Machine 3 —a 1 1
2 4 6 | 10
Machine 4 —1 1 0 0 1

the basis. We arbitrarily choose x; to leave the basis. After performing the pivot, we ob-
tain the bfs in Table 45. All ¢;;’s are now nonpositive, so we have obtained an optimal as-
signment: x;» = 1, xo4 = 1, x33 = 1, and x4, = 1. Thus, machine 1 is assigned to job 2,
machine 2 is assigned to job 4, machine 3 is assigned to job 3, and machine 4 is assigned
to job 1. A total setup time of 5 + 5 + 3 + 2 = 15 hours is required.



4. BalancedAssignmentProblem Solution by The Hungarian Method

Looking back at our initial bfs, we see that it was an optimal solution. We did not know
that it was optimal, however, until performing one iteration of the transportation simplex.
This suggests that the high degree of degeneracy in an assignment problem may cause the
transportation simplex to be an inefficient way of solving assignment problems. For this
reason (and the fact that the algorithm is even simpler than the transportation simplex),
the Hungarian method is usually used to solve assignment (min) problems:

Step 1 Find the minimum element in each row of the m X m cost matrix. Construct a
new matrix by subtracting from each cost the minimum cost in its row. For this new ma-
trix, find the minimum cost in each column. Construct a new matrix (called the reduced
cost matrix) by subtracting from each cost the minimum cost in its column.

Step 2 Draw the minimum number of lines (horizontal, vertical, or both) that are needed
to cover all the zeros in the reduced cost matrix. If m lines are required, then an optimal
solution is available among the covered zeros in the matrix. If fewer than m lines are
needed, then proceed to step 3.

Step 3 Find the smallest nonzero element (call its value k) in the reduced cost matrix
that is uncovered by the lines drawn in step 2. Now subtract & from each uncovered ele-
ment of the reduced cost matrix and add & to each element that is covered by two lines.
Return to step 2.

i 1 To solve an assignment problem in which the goal is to maximize the objective function, mul-
tiply the profits matrix through by —1 and solve the problem as a minimization problem.
2 If the number of rows and columns in the cost matrix are unequal, then the assignment problem
is unbalanced. The Hungarian method may yield an incorrect solution if the problem is unbalanced.
Thus. any assignment problem should be balanced (by the addition of one or more dummy points)
before it is solved by the Hungarian method.
3 In a large problem, it may not be easy to find the minimum number of lines needed to cover all
zeros in the current cost matrix. For a discussion of how to find the minimum number of lines
nceded, see Gillett (1976). It can be shown that if j lines are required, then only j *jobs™ can be as-
signed to zero costs in the current matrix. This explains why the algorithm terminates when m lines
are required.

Solution of Machineco Example by the Hungarian Method
We illustrate the Hungarian method by solving the Machineco problem (see Table 46).

Step 1 For each row, we subtract the row minimum from each element in the row, ob-
taining Table 47. We now subtract 2 from each cost in column 4, obtaining Table 48.

Step 2 As shown, lines through row 1, row 3, and column 1 cover all the zeros in the re-
duced cost matrix. From remark 3, it follows that only three jobs can be assigned to zero
costs in the current cost matrix. Fewer than four lines are required to cover all the zeros,
so we proceed to step 3.



TABLE 46 Row Mimimem

Cost Mawix for Machissco 4 s & 2 s
2 12 6 5 2
7 s 3 9 3
2 4 6 10 2

TABLE 47

Cast Matrix After Row o o 3 2
Minimums Are Subtracted

L] 10 4 3

4 s o 6

0 2 4 s

Columa Minimuesn (8] o 2

TABLE 48
Cost Matrix After Column » 1 = aig
Minimums Are Ssdtracted
[ 10 4 1
[ 2 4 6

Step 3 The smallest uncovered element equals 1, so we now subtract 1 from each uncov-
ered element in the reduced cost matrix and add 1 to each twice-covered element. The
resulting matrix is Table 49. Four lines are now required to cover all the zeros. Thus, an op-
timal solution is available. To find an optimal assignment, observe that the only covered 0 in
column 3 is x;,. so we must have x;, = 1. Also, the only available covered zero in column
2 is x5, sO we set x,. = 1 and observe that neither row 1 nor column 2 can be used again.
Now the only available covered zero in column 4 is x.,. Thus. we choose x,, = 1 (which now
excludes both row 2 and column 4 from further use). Finally, we choose x,, = 1.

TABLE 49

Feur Lines Required; Optimal —L t 3 L—
Selution Is Available

w
P

Thus, we have found the optimal assignment x;> = 1, x5y = |, x35 = I, and x4, = 1.
Of course, this agrees with the result obtained by the transportation simplex.



5. BalancedAssignmentproblems (Machineco) using LINDO:

'_‘a LINDO - [X:\\LINDO61\Samples\Assignment Problrm Code]
%1 File Edit Solve Reports Window Help

nEaeae soevReExn Be RAB 2R 202

Min

14X11 + S¥12 + 8X13 + 7X14 + 2¥21 + 12¥22 + 6X23 + SX24 + 7X31 + 8X32 + 3X33 + 9X34 + 241 + 4X42 + 6X43 + 10X44
ST

H11 + 12 + ¥13 + X14 = 1
X21 + X22 + X23 + X24 = 1
H31 + X32 + X33 + X34 = 1
H41 + 42 + ¥43 + ¥44 = 1
X11 + X21 + X31 + ¥41 = 1
12 + X22 + ¥X32 + ¥42 = 1
H13 + 23 + X33 + X43 = 1
14 + ¥24 + X34 + X44 = 1
END|

%] LNDO - [Reports Window]
Eafile Edit Solve Reports Window Help

Dislz(El@ lnevREe=Al oo 2am BES 2
LP OPTIMUM FOUND AT STEP 6
OBJECTIVE FUNCTION VALUE

1) 15.00000
VARTABLE VALUE REDUCED COST
111 0.000000 11.000000
X12 1.000000 0.000000
X13 0.000000 5.000000
X14 0.000000 1.000000
X21 0.000000 0.000000
K22 0.000000 8.000000
X23 0.000000 4.000000
H24 1.000000 0.000000
131 0.000000 4.000000
X32 0.000000 3.000000
X33 1.000000 0.000000
134 0.000000 3.000000
141 1.000000 0.000000
142 0.000000 0.000000
143 0.000000 4.000000
K44 0.000000 5.000000

ROV SLACK OR SURPLUS DUAL PRICES

2) 0.000000 0.000000
3) 0.000000 1.000000
4) 0.000000 0.000000
5) 0.000000 1.000000
6) 0.000000 -3.000000
7) 0.000000 -5.000000
8) 0.000000 -3.000000
9) 0.000000 -6.000000
NO. ITERATIONS= 6

RANGES IN WHICH THE BASIS IS UNCHANGED:
OBJ COEFFICIENT RANGES

VARIABLE CURRENT ALLOWABLE ALLOVABLE
COEF INCREASE DECREASE
on! 14.000000 INFINITY 11.000000
X12 5.000000 1.000000 4.000000
X13 8.000000 INFINITY 5.000000
X14 7.000000 INFINITY 1.000000
X21 2.000000 4.000000 1.000000
X22 12.000000 INFINITY 8.000000
X23 6.000000 INFINITY 4.000000
124 5.000000 1.000000 INFINITY
X3 7.000000 INFINITY 4.000000
X32 8.000000 INFINITY 3.000000
X33 3.000000 4.000000 INFINITY
X34 9.000000 INFINITY 3.000000



6. UnbalancedAssignmentProblem Solution by The Hungarian Method

Example: A company has five machines that are used for four jobs. Each job can be assigned to
one and only one machine. The cost of each job on each machine is given on the following table.

Machines
A B _ & D E
g TN
1 > 7 11 6 7
= 8 S 5 6 >
Job
3 6 7 10 7 3
-+ 10 4 8 4 2
. e
Solution:
Convert the 4*5 matrix into a square matrix by adding a dummy row D5.
Dummy Row D5 added
Machines
A B C D E
- ™
1 5 7 11 6 7
2 8 5 5 6 5
Job 3 6 7 10 7 3
4 10 4 8 4 2
Ds

\O_ 0 0 0 O_'/



Row-wise Reduction of the Matrix

Job 3

Machines
B C
2 6
0 0
4 7
2 6
0 0

D

E

0

9.7

Column-wise reduction is not necessary since all columns contain a single zero. Now, draw minimum number of lines to cover all the zeros, as shown in Table.

All Zeros in the Matrix Covered

Job 3

Number of lines drawn # Order of matrix. Hence not optimal.

Subtracted or Added to Elements

Job 3

Number of lines drawn # Order of matrix. Hence not optimal.

Machines
A B C D E
= N
D 2 6 1 D
3 §) 0 1 D
3 4 7 4 D
8 2 6 2 D
\) (i) (§) (§) D —
Machines
A B C D E
e ™
0 t 5 0 P
% V) V) T
3 3 6 3 D
8 1 5 1 D
1 © V) 9]




Again Added or Subtracted 1 from Elements

Machines
A B C D E
1 /O 1 5 0 B )
2 4 0 0 1 ais
Job 3 2 2 5 2 ()
+4 7 © %+ © D
Ds \i‘ 0 0 0 P i

Number of lines drawn = Order of matrix. Hence optimality is reached. Now assign the jobs to machines, as shown in Table.

Assigning Jobs to Machines

Machines

A B C D E

o

i
2
<

Job 3 2

ro

y 0

Job Machine Cost

1 A 5
B 5
E 3
. D 4
D5 C 0

(S ]

(WS )

Total Cost =Rs 17




7. UnbalancedAssignmentproblems using LINDO:

faFile fdt Solve Reports Window Help

Dis%glsl :[z/eomp/xlAl Blal HAB BEE 90

HIN
SE1T + TH2 + 11513 + 6X14 + TH1G + BK21 + SK22 + SX23 + 6X24 + SK26 + 6K31 + 7H32 +10K33 + 734 + 3435 +10841 + 4H42 + OR43 + K44 + 2045 + OKOL + OXS2 + OHS3 + OKS4 + OXSS
o

B0+ K12 4 %13 + RU4 + J15 = ¢
T+ 000 + 100 + K24 4+ K25 = ¢
B304 002 + 133 + X34 4+ K36 = ¢
T+ 12+ 043 + T44 + 45 = 1
K51 + K52 4 K53 + R54 + Y95 = {

T+ 000 + 001 4 K41 4 451 =
T2+ 000 + 030 + X424 X52 =
B34 023 + 033 + X434 K63 =
K14 4 K24 + X34 + R4 4 454 = 1
K15 + K25 + 039 + X454 K66 = {

Al



