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1. Students must be present on time as per the scheduled time of the lab. 

2. The report/assignment for each experiment must be submitted in the following lab session. 

3. The structure of the report/assignment for each experiment will be provided by the 
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Experiment-1:  

Introduction to Linear Programming: A Graphical Approach 
 

1. Introduction 

Linear Programming (LP) is a core optimization methodology within Operations Research used 

for allocating scarce resources in an optimal manner. It provides a systematic way to express real-

world resource-allocation problems mathematically through decision variables, an objective 

function, and a set of constraints. The most common application scenario involves distributing 

limited resources among competing activities to achieve the best possible (i.e., optimal) outcome. 

More specifically, LP focuses on selecting activity levels where multiple activities compete for 

scarce resources required for their execution. Once these activity levels are chosen, the 

corresponding resource consumption is determined automatically. This structure captures a wide 

range of real-world applications: allocating production facilities to different products, distributing 

national resources among domestic needs, portfolio selection, designing shipping patterns, 

agricultural planning, radiation therapy planning, and numerous other contexts. Despite their 

diversity, these problems share a fundamental characteristic which is the need to allocate resources 

to activities by choosing appropriate activity levels. 

LP uses a mathematical model to represent these allocation problems. The term linear indicates 

that all mathematical relationships (objective function and constraints) must be linear. The term 

programming refers to planning, not computer programming. Thus, linear programming represents 

the planning of activities to achieve the optimal result, that is, the solution that best satisfies the 

specified objective while adhering to all feasibility requirements. 

The graphical approach serves as the simplest exact solution technique for LP models involving 

two decision variables. This method offers valuable geometric insight into the structure of LP 

problems by illustrating feasibility, optimality, and the interactions among constraints. We will 

use MATLAB to get the graphical solution.  

2. The Linear Programming Model 

2.1 Linear Programming: Major Components  

¶ Objective Function: LP problems seek to maximize or minimize some quantity (usually 

profit or cost). We refer to this property as the objective function of an LP problem. 

¶ Constraints: The presence of restrictions or constraints, limits the degree to which we can 

pursue our objective. For example, deciding how many units of each product in a firmôs 

product line to manufacture is restricted by available labor and machinery. 

¶ Decision/Optimization variables: The variables that change at each iteration of 

optimization. In any linear programming model, the decision variables should completely 

describe the decisions to be made. 



Common Terminology 

Table 2.1: Common Terminology for Linear Programming 

 

ὤ ÖÁÌÕÅ ÏÆ ÏÖÅÒÁÌÌ ÍÅÁÓÕÒÅ ÏÆ ÐÅÒÆÏÒÍÁÎÃÅ  

ὼ  ÌÅÖÅÌ ÏÆ ÁÃÔÉÖÉÔÙ Ê ÆÏÒ Ê ρȟςȟȢȢȢȟÎȢ 

ὧ ÉÎÃÒÅÁÓÅ ÉÎ : ÔÈÁÔ ×ÏÕÌÄ ÒÅÓÕÌÔ ÆÒÏÍ ÅÁÃÈ ÕÎÉÔ ÉÎÃÒÅÁÓÅ ÉÎ ÌÅÖÅÌ ÏÆ ÁÃÔÉÖÉÔÙ ÊȢ 

ὦ ὥάέόὲὸ έὪ ὶὩίέόὶὧὩ Ὥ ὸὬὥὸ Ὥί ὥὺὥὭὰὥὦὰὩ Ὢέὶ ὥὰὰέὧὥὸὭέὲ ὸέ ὥὧὸὭὺὭὸὭὩί Ὢέὶ Ὥ
ρȟςȟȣȢȢά)  

ὥ  ÁÍÏÕÎÔ ÏÆ ÒÅÓÏÕÒÃÅ É ÃÏÎÓÕÍÅÄ ÂÙ ÅÁÃÈ ÕÎÉÔ ÏÆ ÁÃÔÉÖÉÔÙ ÊȢ 

2.2 A Standard Form of the Model 

Maximize ὤ ὧὼ ὧὼ Ễ ὧὼ 

Subject to the restrictions:   

ὥ ὼ ὥ ὼ Ễ ὥ ὼ ὦ 

ὥ ὼ ὥ ὼ Ễ ὥ ὼ ὦ 

éé 

ὥ ὼ ὥ ὼ Ễ ὥ ὼ ὦ  

and ὼ π, ὼ π,é ὼ π 

 

 



Table 2.2: Data needed for a linear programming model involving the allocation of resources to 

activities 

 

2.2.1 Other Forms 

¶ Minimizing rather than maximizing the objective function  

¶ Some functional constraints with a greater-than-or equal-to inequality 

¶ Some functional constraints in equation form 

¶ Deleting the nonnegativity constraints for some decision variables 

 

2.2.2 Solution Terminology 

ü A feasible solution is a solution for which all the constraints are satisfied.  

ü An infeasible solution is a solution for which at least one constraint is violated.  

ü The feasible region is the collection of all feasible solutions.  

ü It is possible for a problem to have no feasible solutions. 

ü An optimal solution is a feasible solution that has the most favorable value of the objective 

function. The most favorable value is the largest value if the objective function is to be 

maximized, whereas it is the smallest value if the objective function is to be minimized. 

ü Most problems will have just one optimal solution. However, it is possible to have more 

than one. 

ü Another possibility is that a problem has no optimal solutions. This occurs only if (1) it 

has no feasible solutions or (2) the constraints do not prevent improving the value of 

the objective function (Z) indefinitely in the favorable direction (positive or negative). 

The latter case is referred to as having an unbounded Z. 



ü Binding and Nonbinding Constraints: A constraint is binding if the left-hand side and 

the right-hand side of the constraint are equal when the optimal values of the decision 

variables are substituted into the constraint. 

A constraint is nonbinding if the left-hand side and the right-hand side of the constraint are unequal 

when the optimal values of the decision variables are substituted into the constraint. 

ü Convex Set: A set of points S is a convex set if the line segment joining any pair of points 

in S is wholly contained in S. Figure 3 gives four illustrations of this definition. In Figures 

3a and 3b, each line segment joining two points in S contains only points in S. Thus, in 

both these figures, S is convex. In Figures 3c and 3d, S is not convex. In each figure, points 

A and B are in S, but there are points on the line segment AB that are not contained in S. 

In our study of linear programming, a certain type of point in a convex set (called an 

extreme point) is of great interest. 

 

Figure 2.1: Convex and Non-convex sets 

ü Extreme Point: For any convex set S, a point P in S is an extreme point if each line 

segment that lies completely in S and contains the point P has P as an endpoint of the line 

segment. Extreme points are sometimes called corner points.  

 

ü A corner-point feasible (CPF) solution is a solution that lies at a corner of the feasible 

region. Relationship between optimal solutions and CPF solutions: For any linear 

programming problem with feasible solutions and a bounded feasible region: 

o The best CPF solution must be an optimal solution.  

o If the problem has multiple optimal solutions at least two must be CPF solutions 

2.3 Prototype Example 

The WYNDOR GLASS CO. produces high-quality glass products, including windows and glass 

doors. It has three plants. Aluminum frames and hardware are made in Plant 1, wood frames are 

made in Plant 2, and Plant 3 produces the glass and assembles the products. Because of declining 

earnings, top management has decided to revamp the companyôs product line. Unprofitable 

products are being discontinued, releasing production capacity to launch two new products having 

large sales potential:  

Product 1: An 8-foot glass door with aluminum framing 



Product 2: A 4 6-foot double-hung wood-framed window 

Product 1 requires some of the production capacity in Plants 1 and 3, but none in Plant 2. Product 

2 needs only Plants 2 and 3. The marketing division has concluded that the company could sell as 

much of either product as could be produced by these plants. However, because both products 

would be competing for the same production capacity in Plant 3, it is not clear which mix of the 

two products would be most profitable. Therefore, an OR team has been formed to study this 

question. The OR team began by having discussions with upper management to identify 

managementôs objectives for the study. These discussions led to developing the following 

definition of the problem: 

Determine what the production rates should be for the two products in order to maximize their 

total profit, subject to the restrictions imposed by the limited production capacities available in the 

three plants. (Each product will be produced in batches of 20, so the production rate is defined as 

the number of batches produced per week.) Any combination of production rates that satisfies 

these restrictions is permitted, including producing none of one product and as much as possible 

of the other. 

Table 2.3: Data for Wyndor Glass Co. Problem 

 

Formulation as a Linear Programming Problem 

Decision Variables: To formulate the mathematical (linear programming) model for this 

problem, let 

x1 = number of batches of product 1 produced per week 

x2 = number of batches of product 2 produced per week 

Objective Function:  

Z = total profit per week (in thousands of dollars) from producing these two products 



ὤ σὼ υὼ 

The coefficient of a variable in the objective function is called the objective function coefficient 

of the variable. In this example (and in many other problems), the objective function coefficient 

for each variable is simply the contribution of the variable to the companyôs profit. 

Constraints: 

Constraint 1: Each week no more than 4 hours of production time is available in plant 1. 

ὼ τ 

Constraint 2: Each week no more than 12 hours of production time is available in plant 2. 

ςὼ ρς 

Constraint 3: Each week no more than 18 hours of production time is available in plant 3. 

σὼ ςὼ ρψ 

Sign Restrictions: To complete the formulation of a linear programming problem, the following 

question must be answered for each decision variable: Can the decision variable only assume 

nonnegative values, or is the decision variable allowed to assume both positive and negative 

values? If a decision variable xi can only assume nonnegative values, then we add the sign 

restriction ὼ π. If a variable xi can assume both positive and negative (or zero) values, then we 

say that xi is unrestricted in sign (often abbreviated urs). For this problem it is clear that: 

ὼ π 

ὼ π 

To summarize, in the mathematical language of linear programming, the problem is to choose 

values of x1 and x2 so as to: 

Maximize ὤ σὼ υὼ 

Subject to the restrictions:   

ὼ τ 

ςὼ ρς 

σὼ ςὼ ρψ 

and ὼ π, ὼ π 



2.4 Graphical Solution Using MATLAB 

This very small problem has only two decision variables and therefore only two dimensions, so a 

graphical procedure can be used to solve it. This procedure involves constructing a two-

dimensional graph with x1 and x2 as the axes. 

 

Figure 2.2: Shaded area shows values of (x1, x2) allowed by ὼ πȟὼ πȟὼ τȢ 

 

Figure 2.3: Shaded area shows the set of permissible values of (ὼȟὼ ȟ called the feasible region.  

The feasible region for an LP is the set of all points that satisfies all the LPôs constraints and sign 

restrictions. For a maximization problem, an optimal solution to an LP is a point in the feasible 

region with the largest objective function value. Similarly, for a minimization problem, an optimal 

solution is a point in the feasible region with the smallest objective function value. 



To find the optimal solution, we need to graph a line on which all points have the same z-value. In 

a max problem, such a line is called an isoprofit line (in a min problem, an isocost line). The final 

step is to pick out the point in this feasible region that maximizes the value of ὤ σὼ υὼ. To 

discover how to perform this step efficiently, begin by trial and error.  

\  

Figure 2.4: The value of (ὼȟὼ  that maximizes σὼ υὼ is (2,6) 

Now notice in Fig. 3.3 that the two lines just constructed are parallel. This is no co incidence, since 

any line constructed in this way has the form ὤ σὼ υὼ for the chosen value of Z, which 

implies that: 

ὼ  
σ

υ
ὼ

ρ

υ
ὤ 

This last equation, called the slope-intercept form  of the objective function, demonstrates that the 

slope of the line is  (since each unit increase in x1 changes x2 by  ), whereas the intercept of 

the line with the x2 axis is ὤ (since ὼ ὤ when x1 is 0). In MATLAB we do not need to draw 

any isocost line, rather by simple coding we can get feasible region and an optimal solution.  

 

  



% MATLAB Code for Graphical Method of Linear Programming Problem (Maximization) 

% Maximize z = 3*x1 + 5*x2  

% Subject to: 

% x1 <= 4   

% 2x2 <= 12  

% 3x1+2x2 <=18 

% x1 >= 0, x2 >= 0 

 

 

clear; clc; 

  

% Constraint matrix A and vector b (A*[x1; x2] <= b) 

A = [1 0;   % x1 <= 4 

     0 2;   % 2*x2 <= 12 

     3 2];  % 3*x1 + 2*x2 <= 18 

b = [4; 12; 18]; 

  

% Objective function coefficients 

c = [3 5];  % z = 3*x1 + 5*x2 

  

disp('Constraint matrix A:'); 

disp(A); 

disp('Right-hand side b:'); 

disp(b); 

disp('Objective coefficients c:'); 

disp(c); 

  

% Find all intersection points of constraint lines (including axes) 

points = [0 0];  % Origin is always a corner point 

disp('Initial points (origin):'); 

disp(points); 

  

% Intersections between pairs of constraints 

n = size(A,1); 

fprintf('Number of constraints n: %d\n', n); 

  

for i = 1:n 

    for j = i+1:n 

        fprintf('\nProcessing pair: constraints %d and %d\n', i, j); 

        Aij = A([i j], :);  

        bij = b([i j]);  

        disp('Submatrix Aij:'); 

        disp(Aij); 

        disp('Subvector bij:'); 

        disp(bij); 

         



        if  rank(Aij) == 2  % Lines are not parallel 

            disp('Rank == 2: Lines intersect'); 

            x = Aij \ bij; 

            disp('Intersection point x:'); 

            disp(x); 

             

            if  all(x >= 0) && all(A*x <= b)  % Feasible and non-negative 

                disp('Point is feasible and non-negative'); 

                points = [points; x']; 

                disp('Updated points:'); 

                disp(points); 

            else 

                disp('Point is not feasible or negative - discarded'); 

            end 

        else 

            disp('Rank < 2: Lines parallel - skipped'); 

        end 

    end 

end 

  

% Add axis intercepts (where one variable is zero) 

disp('Adding axis intercepts:'); 

for i = 1:n 

    % x2 = 0 intercept (x1 = b_i / A_{i1} if A_{i1} > 0) 

    if  A(i,1) > 0 

        x1 = b(i) / A(i,1); 

        pt = [x1; 0]; 

        fprintf('Intercept for constraint %d on x1-axis: [%f, %f]\n', i, pt(1), pt(2)); 

        if  all(A*pt <= b ) 

            disp('Feasible - adding'); 

            points = [points; pt']; 

        else 

            disp('Not feasible - discarded'); 

        end 

    end 

    % x1 = 0 intercept (x2 = b_i / A_{i2} if A_{i2} > 0) 

    if  A(i,2) > 0 

        x2 = b(i) / A(i,2); 

        pt = [0; x2]; 

        fprintf('Intercept for constraint %d on x2-axis: [%f, %f]\n', i, pt(1), pt(2)); 

        if  all(A*pt <= b) 

            disp('Feasible - adding'); 

            points = [points; pt']; 

        else 

            disp('Not feasible - discarded'); 

        end 



    end 

end 

  

% Remove duplicates and sort for convex hull 

points = unique(points, 'rows'); 

disp('Unique points after removing duplicates:'); 

disp(points); 

  

% Evaluate objective function at corner points 

z_values = points * c'; 

disp('Objective values z at each point:'); 

for k = 1:size(points,1) 

    pt = points(k,:); 

    z = z_values(k); 

    fprintf('Point [%f, %f]: z = %f\n', pt(1), pt(2), z); 

end 

  

[max_z, idx] = max(z_values); 

optimal_point = points(idx, :); 

  

fprintf('Maximum z: %f\n', max_z); 

fprintf('Optimal point: [%f, %f]\n', optimal_point(1), optimal_point(2)); 

  

% Plot the feasible region (shaded) 

figure; 

K = convhull(points(:,1), points(:,2)); 

fill(points(K,1), points(K,2), 'c', 'FaceAlpha', 0.4, 'EdgeColor', 'k'); 

hold on; 

  

% Plot constraint lines 

x1_range = linspace(0, max(points(:,1)) + 1, 100); 

for i = 1:n 

    if  A(i,2) ~= 0 

        x2_line = (b(i) - A(i,1)*x1_range) / A(i,2); 

    else 

        x2_line = zeros(size(x1_range));  % Vertical line case (not here) 

    end 

    plot(x1_range, max(x2_line, 0), 'b--', 'LineWidth', 1.5); 

end 

  

% Plot corner points 

plot(points(:,1), points(:,2), 'ko', 'MarkerFaceColor', 'k'); 

  

% Mark optimal point 

plot(optimal_point(1), optimal_point(2), 'rp', 'MarkerSize', 20); 

  



% Annotations 

xlabel('x_1'); 

ylabel('x_2'); 

title('Graphical Method for LPP - Feasible Region Shaded'); 

grid on; 

axis equal; 

xlim([0 max(points(:,1)) + 1]); 

ylim([0 max(points(:,2)) + 1]); 

  

text(optimal_point(1)+0.2, optimal_point(2), ... 

    sprintf('Optimal Point: (%.2f, %.2f)\nMax z = %.2f', optimal_point(1), optimal_point(2), 

max_z), ... 

    'FontSize', 10, 'BackgroundColor', 'w'); 

  

legend({'Feasible Region', 'Constraints', 'Corner Points', 'Optimal Solution'}, 'Location', 'best'); 

 

Figure 2.5: Graphical Solution Using MATLAB 

 



 

Figure 2.6: The Wyndor Glass Co. problem would have no feasible solution if the constraint 

σὼ υὼ υπ were added to the problem 

 

Figure 2.7: The Wyndor Glass Co. problem would have multiple optimal solutions if the 

objective function were changed to ὤ σὼ ςὼ. 



 

Figure 2.8: The Wyndor Glass Co. problem would have no optimal solutions if the only 

functional constraint were ὼ τ, because x2 then could be increased indefinitely in the feasible 

region without ever reaching the maximum value of  ὤ σὼ υὼ 

2.5 LP Assumptions 

¶ Proportionality assumption: The contribution of each activity to the value of the 

objective function Z (and LHS of functional constraint) is proportional to the level of the 

activity xj. 

Table 2.4: Examples of satisfying or violating proportionality 

 



 

Figure 2.9: The solid curve violates the proportionality assumption because of the start-up cost 

that is incurred when x1 is increased from 0.  

 

Figure 2.10: The solid curve violates the proportionality assumption because its slope (the 

marginal return from product 1 keeps increasing as x1 is increased.  

 



 

Figure 2.11: The solid curve violates the proportionality assumption because its slope (the 

marginal return from product 1 keeps decreasing as x1 is increased.  

¶ Additivity assumption:  Every function in a linear programming model is the sum of the 

individual contributions of the respective activities. 

 

Table 2.5: Examples of satisfying or violating additivity for the objective function 

 

Table 2.6: Examples of satisfying or violating additivity for a functional constraint 

 

¶ Divisibility assumption: Decision variables in a linear programming model are allowed to 

have any values, including non-integer values, that satisfy the functional and non-

negativity constraints. In certain situations, the divisibility assumption does not hold 



because some of or all the decision variables must be restricted to integer values. 

Mathematical models with this restriction are called integer programming models, 

For example, in the WYNDOR problem, the Divisibility Assumption implies that it is acceptable 

to produce 1.5 product 1 or 1.63 product 2. Because WYNDOR cannot actually produce a 

fractional number of products, the Divisibility Assumption is not satisfied in the WYNDOR 

problem. 

¶ Certainty assumption: The value assigned to each parameter (objective function 

coefficient, right hand side, and functional constraint coefficient) of a linear programming 

model is assumed to be a known constant. 

2.6 The Graphical Solution of Minimization Problems Using MATLAB  

Dorian Auto manufactures luxury cars and trucks. The company believes that its most likely 

customers are high-income women and men. To reach these groups, Dorian Auto has embarked 

on an ambitious TV advertising campaign and has decided to purchase 1-minute commercial spots 

on two types of programs: comedy shows and football games. Each comedy commercial is seen 

by 7 million high-income women and 2 million high income men. Each football commercial is 

seen by 2 million high-income women and 12 million high-income men. A 1-minute comedy ad 

costs $50,000, and a 1-minute football ad costs $100,000. Dorian would like the commercials to 

be seen by at least 28 million high-income women and 24 million high-income men. Use linear 

programming to deter mine how Dorian Auto can meet its advertising requirements at minimum 

cost. 

Solution:  

Decision Variable:  

ὼ ὲόάὦὩὶ έὪ ρ άὭὲόὸὩ ὧέάὩὨώ ὥὨί ὴόὶὧὬὥίὩὨ 

ὼ ὲόάὦὩὶ έὪ ρ άὭὲόὸὩ Ὢέέὸὦὥὰὰ ὥὨί ὴόὶὧὬὥίὩὨ 

 

Objective Function:  

Minimize ὤ υπὼ 100ὼ 

 

 

Constraint 1: Commercials must reach at least 28 million high-income women. 

χὼ 2ὼ ςψ 

Constraint 2: Commercials must reach at least 24 million high-income men. 



ςὼ ρςὼ ςτ 

Non-negativity constraint:  

ὼ π ȟὼ π 

 

 

% MATLAB Code for Graphical Method of Linear Programming Problem (Minimization) 

% Minimize z = 50*x + 100*y (cost in thousands) 

% Subject to: 

% 7x + 2y >= 28  (high-income women, millions) 

% 2x + 12y >= 24 (high-income men, millions) 

% x >= 0, y >= 0 

  

clear; clc; 

  

% Original constraints (A_orig * x >= b_orig) 

A_orig = [7 2; 2 12]; 

b_orig = [28; 24]; 

  

% Flip for standard <= form: A * x <= b 

A = -A_orig; 

b = -b_orig; 

  

% Add artificial bounds to make feasible region bounded for shading 

bound = 15;  % Large enough bound 

A = [A; 1 0; 0 1]; 

b = [b; bound; bound]; 

  

% Objective function coefficients (minimize c' * x) 

c = [50 100]; 

  

% Find all intersection points (corner points) 

points = [];  % Do not assume origin is feasible 

  

% Intersections between pairs of constraints 

n = size(A,1); 

for i = 1:n 

    for j = i+1:n 

        Aij = A([i j], :);  

        bij = b([i j]);  

        if  rank(Aij) == 2 

            x = Aij \ bij; 

            if  all(x >= 0) && all(A*x <= b + 1e-8) 

                points = [points; x']; 



            end 

        end 

    end 

end 

  

% Add axis intercepts if feasible 

for i = 1:n 

    % x2 = 0 intercept 

    if  A(i,1) ~= 0 

        x1 = b(i)/A(i,1); 

        if  x1 >= 0 

            pt = [x1; 0]; 

            if  all(A*pt <= b + 1e-8) 

                points = [points; pt']; 

            end 

        end 

    end 

    % x1 = 0 intercept 

    if  A(i,2) ~= 0 

        x2 = b(i)/A(i,2); 

        if  x2 >= 0 

            pt = [0; x2]; 

            if  all(A*pt <= b + 1e-8) 

                points = [points; pt']; 

            end 

        end 

    end 

end 

  

% Remove duplicates 

points = unique(points, 'rows'); 

  

% Evaluate objective at corner points 

z_values = points * c'; 

[min_z, idx] = min(z_values); 

optimal_point = points(idx, :); 

  

% Plot the feasible region (shaded) 

figure; hold on; 

K = convhull(points(:,1), points(:,2)); 

fill(points(K,1), points(K,2), 'c', 'FaceAlpha', 0.4, 'EdgeColor', 'k'); 

  

% Plot original constraint lines only (not bounds) 

x_range = linspace(0, bound, 100); 

n_orig = size(A_orig,1); 

for i = 1:n_orig 



    if  A_orig(i,2) ~= 0 

        y_line = (b_orig(i) - A_orig(i,1)*x_range) / A_orig(i,2); 

    else 

        y_line = zeros(size(x_range)); 

    end 

    plot(x_range, y_line, 'b--', 'LineWidth', 1.5); 

end 

  

% Plot corner points 

plot(points(:,1), points(:,2), 'ko', 'MarkerFaceColor', 'k'); 

  

% Mark optimal point 

plot(optimal_point(1), optimal_point(2), 'rp', 'MarkerSize', 12, 'MarkerFaceColor', 'r'); 

  

% Annotations 

xlabel('x (Comedy Ads)'); 

ylabel('y (Football Ads)'); 

title('Graphical Method for Dorian Auto Advertising - Minimum Cost'); 

grid on; 

axis equal; 

xlim([0 bound]); 

ylim([0 bound]); 

text(optimal_point(1)+0.2, optimal_point(2), ... 

    sprintf('Optimal: (%.1f, %.1f)\nMin Cost = $%.0fk', optimal_point(1), optimal_point(2), 

min_z), ... 

    'FontSize', 10, 'BackgroundColor', 'w'); 

legend({'Feasible Region (Bounded View)', 'Constraints', 'Corner Points', 'Optimal Solution'}, 

'Location', 'best'); 

hold off; 

 

Figure 2.12: Graphical Solution Using MATLAB 



The Dorian problem has a convex feasible region, but the feasible region for Dorian, contains 

points for which the value of at least one variable can assume arbitrarily large values. Such a 

feasible region is called an unbounded feasible region. Thus, the optimal z-value is ὤ υπz

σȢφ 100z ρȢτ σςπ. This means the optimal z value is $320,000. 

Does the Dorian model meet the four assumptions of linear programming? 

¶ After, say, 500 auto commercials have been aired, most people have probably seen one, so 

it does little good to air more commercials. Thus, the Proportionality Assumption is 

violated. 

¶ In reality, many of the same people will see a Dorian comedy commercial and a Dorian 

football commercial. We are double-counting such people, and this creates an inaccurate 

picture. This violates the Additivity Assumption. 

¶ If only 1-minute commercials are available, then it is unreasonable to say that Dorian 

should buy 3.6 comedy commercials and 1.4 football commercials, so the Divisibility 

Assumption is violated. 

¶ There is no way to know with certainty how many viewers are added by each type of 

commercial, the Certainty Assumption is also violated. 

3. Practice Problem 

3.1 Minaôs diet requires that all the food she eats come from one of the four ñbasic food groupsò 

(chocolate cake, ice cream, soda, and cheesecake). At present, the following four foods are 

available for consumption: brownies, chocolate ice cream, cola, and pineapple cheese cake. Each 

brownie costs 50¢, each scoop of chocolate ice cream costs 20¢, each bottle of cola costs 30¢, and 

each piece of pineapple cheesecake costs 80¢. Each day, I must in gest at least 500 calories, 6 oz 

of chocolate, 10 oz of sugar, and 8 oz of fat. The nutritional content per unit of each food is shown 

in Table 2. Formulate a linear programming model that can be used to satisfy Minaôs daily 

nutritional requirements at minimum cost. (Use MATLAB for graphical solution) 

 

3.2 There are three factories on the Momiss River (1, 2, and 3). Each emits two types of pollutants 

(1 and 2) into the river. If the waste from each factory is processed, the pollution in the river can 

be reduced. It costs $15 to process a ton of factory 1 waste, and each ton processed reduces the 

amount of pollutant 1 by 0.10 ton and the amount of pollutant 2 by 0.45 ton. It costs $10 to process 

a ton of factory 2 waste, and each ton processed will reduce the amount of pollutant 1 by 0.20 ton 



and the amount of pollutant 2 by 0.25 ton. It costs $20 to process a ton of factory 3 waste, and each 

ton processed will reduce the amount of pollutant 1 by 0.40 ton and the amount of pollutant 2 by 

0.30 ton. The state wants to reduce the amount of pollutant 1 in the river by at least 30 tons and 

the amount of pollutant 2 in the river by at least 40 tons.  

(a) Formulate an LP that will minimize the cost of reducing pollution by the desired amounts.  

(b) Do you think that the LP assumptions (Proportionality, Additivity, Divisibility, and Certainty) 

are reasonable for this problem? 

(c) Use MATLAB for graphical solution 

3.3 The World Light Company produces two light fixtures (products 1 and 2) that require both 

metal frame parts and electrical components. Management wants to determine how many units of 

each product to produce so as to maximize profit. For each unit of product 1, 1 unit of frame parts 

and 2 units of electrical components are required. For each unit of product 2, 3 units of frame parts 

and 2 units of electrical components are required. The company has 200 units of frame parts and 

300 units of electrical com ponents. Each unit of product 1 gives a profit of $1, and each unit of 

product 2, up to 60 units, gives a profit of $2. Any excess over 60 units of product 2 brings no 

profit, so such an excess has been ruled out.  

Formulate a linear programming model for this problem. Use MATLAB for graphical solution to 

solve this model. What is the resulting total profit? 

 

 

  



Experiment-2: Solving Linear Programming Problems: 

Simplex Method 
 

1. Objective 

By the end of this lab, students will be able to: 

¶ Solve LP problems in LINDO . 

¶ Understand how LINDO handles artificial variables, degeneracy, and alternative optima. 
 

2. Background 

A Linear Programming (LP) problem has infinitely many feasible points, but only a finite 

number of corner points (extreme points). A fundamental theorem of LP states: 

If an LP has an optimal solution, at least one optimal solution occurs at a corner point of the 

feasible region. 

The Simplex Method is a systematic algorithm that: 

¶ Starts at one corner point (Basic Feasible Solution), 

¶ Moves from corner to corner, 

¶ Improves the objective value at each step, 

¶ Stops when no further improvement is possible. 

Decision Variables: Variables representing choices to be made. 

¶ Denoted as: X1, X2, é, Xn 

¶ Example: number of products produced. 

Objective Function: The function to be maximized or minimized. 

ὤ ὧὢ ὧὢ Ễ ὧὢ  

Constraints: Linear equations or inequalities restricting the decision variables. The dimension of 

the problem determines the number of constraints that intersect at each corner 

ὥὢ ὥὢ ὦ 

Feasible Solution: Any solution that satisfies all constraints and non-negativity conditions. 

Simplex focuses only on CPF solutions, a finite set. 

 



Basic Solution: A solution obtained by: 

¶ Selecting m variables (number of constraints), 

¶ Setting the remaining variables to zero, 

¶ Solving the resulting equations. 

Basic Feasible Solution (BFS): A basic solution that is also feasible (all variables Ó 0). 

Each BFS corresponds to a corner point of the feasible region. 

Slack Variable: Introduced to convert a Ò constraint into an equation. 

ὥὢ ὦ 

ὥὢ ί ὦ 

Ὓ π 

Interpretation: unused resource 

Negative RHS: To eliminate the negative value in the RHS, multiply through by -1. This 

operation reverses the sign of the inequality. 

Surplus Variable: Introduced in a Ó constraint, subtracted from LHS. 

 

ὥὢ ὦ 

ὥὢ Ὁ ὦ 

Artificial Variable: Introduced when: 

¶ Constraint is = or Ó 

¶ Needed only to obtain an initial BFS 

Artificial variables must be eliminated from the final solution. 



Simplex Tableau: A tabular representation of: 

¶ Constraints 

¶ Objective function 

¶ Coefficients of all variables 

This is the working structure of the simplex algorithm. 

Optimality test: If a CPF solution has no adjacent CPF solution that is better (in terms of the 

value of the objective function) then it must be an optimal solution. 

Entering Variable: A non-basic variable selected to enter the basis to improve the objective. 

Leaving Variable: A basic variable selected to leave the basis to maintain feasibility. 

Pivot Element: The element at the intersection of: 

¶ Entering variable column 

¶ Leaving variable row 

Used for GaussïJordan elimination. 

Gauss-Jordan Elimination  

¶ Used to update tableau during pivot. 

¶ Steps: 

1. Select pivot element  

2. Normalize pivot row: divide row by pivot element. 

3. Eliminate pivot column entries in all other rows by making all other entries in 

the pivot column zero: 

New Pivot Row = Current Pivot Row / Pivot Element 

New Row = (Current Row) ï (Respective Pivot Column Coefficient)*(New Pivot 

Row) 

This ensures new variable becomes basic and old variable becomes non-basic. 

Example 1:  

 



 

 

 

 

 



 

 



 

  

 

 

 

 



Example 2:  

 
 

There is no obvious BFS because there is no slack in the third constraint. 

 

  



 

 

  



For minimization problems:  

 
 

Example 3: (Minimization Problem with Big M Method) 

 

 
 

 
 

 

 



 
The Big M method can be thought of as having two phases. In the first phase, all the artificial 

variables are driven to zero in order to reach an initial BF solution for the real problem. In the 

second phase, all the artificial variables are kept at zero while the simplex method generates a 

sequence of BF solutions for the real problem that leads to an optimal solution. 

 
No feasible solution: If the original problem has no feasible solutions, then either the Big M 

method or phase 1 of the two-phase method yields a final solution that has at least one artificial 

variable greater than zero. Otherwise, they all equal zero. 

 



3. Special Cases 

3.1 Case 1: Degeneracy 

Tie for leaving basic variable(degeneracy): This is a tie for the minimum ratio.  Whichever 

variable is picked to leave, the other variable will also be driven to zero in the pivot. Problems may 

ensue. If one of the degenerate basic variables (basic variables with a value of zero) retains its 

zero value until it is chosen at a subsequent iteration to be the leaving basic variable, the 

corresponding entering variable will be stuck at zero since it canôt be increased without making 

the degenerate leaving variable negative, so the value of Z wonôt change. Simplex may go around 

in a loop, repeating the same sequence without advancing. 

Example Problem: 

Max Z = 3X1 + 2X2 

Constraints: 

X1 + X2 <= 4   

2X1 + X2 <= 5   

X1, X2 >= 0 

Observation: Degeneracy occurs at iteration 2 (pivot with RHS = 0 in intermediate BFS). 

 
Practice: MAX  2X1 + 2X2 

ST 

X1 + X2 <= 4 

2X1 + 2X2 <= 8 



3.2 Case 2: Alternative Optima 

In this case, the objective function has the same slope as one of the constraints. Whenever a 

problem has more than one optimal BFS, at least one of the non-basic variables will have a 

coefficient of zero in the final objective function. If a non-basic variable has ZERO reduced cost 

at optimality, then multiple optimal solutions exist. If the coefficient of non-basic is zero, it 

indicates that the non-basic can enter the basic solution without changing the value of z. 

 

 



  

3.3 Case 3: Infeasible Solution 

Example Problem: Max Z = X1 + X2 

X1 + X2 = 2   

X1 + X2 = 5   

X1, X2 >= 0 

 

¶ LINDO reports infeasible automatically. 

¶ Artificial variables remain non-zero at optimum. 

3.4 Case 4: Unbounded Solution 

If Z is unbounded, there will be no candidate for the leaving basic variable. If at any iteration any 

of the candidates for the entering variable has all negative or zero co-efficient in the constraints 

equation, it is an indication that the problem has an unbounded solution. LINDO reports 

unbounded without performing unnecessary iterations 



Problem: Max Z = X1 + X2 

X1 ï X2 >= 1   

X1, X2 >= 0 

 
 

4.  Practice Problem:  

1.  

 

2.  

3.  

4.  



Experimentï3: Solving Linear Programming Problems: 

Duality and Sensitivity Analysis 

1. Objective  

¶ To understand the principles of duality and sensitivity analysis in linear programming. 

¶ To apply LINDO software for analyzing optimal solutions of LP problems. 

¶ To interpret reduced costs, shadow prices, and allowable ranges from LINDO output. 

¶ To evaluate the impact of parameter changes using the 100% rule. 

¶ To assess the stability and economic meaning of optimal LP solutions without re-solving 

the model. 

2. Introduction 

Linear programming models are extensively used in engineering, management science, and 

operations research to determine the optimal allocation of limited resources among competing 

activities. In practice, however, parameters such as cost coefficients, profit contributions, and 

resource availability are often subject to uncertainty and may vary due to market conditions, 

operational disruptions, or managerial decisions. As a result, an optimal solution obtained for a 

given set of parameters may not remain valid when these values change. 

Sensitivity analysis provides a systematic framework to study how variations in model parameters 

influence the optimal solution, the objective function value, and the feasibility of the solution. It 

enables decision-makers to assess the robustness of an optimal plan and to determine the range 

within which parameter changes can occur without requiring re-optimization. Duality theory 

complements sensitivity analysis by offering an economic interpretation of linear programming 

solutions, particularly through concepts such as shadow prices and resource valuation. Together, 

sensitivity analysis and duality transform linear programming from a purely mathematical 

optimization tool into a powerful decision-support mechanism for real-world applications. 

LINDO software provides built-in sensitivity and duality outputs that allow decision-makers to 

perform what-if analysis efficiently. 

3. Sensitivity Analysis: Fundamental Concepts 

Sensitivity analysis studies how variations in LP parameters influence: 

¶ The optimal basis 

¶ Decision variable values 

¶ The optimal objective function value 

It answers questions such as: 

¶ How much is an additional unit of a resource worth? 

¶ Within what range can parameters change without altering the optimal plan? 



¶ Which parameters are critical and which are non-binding? (A constraint is nonbinding if 

the left-hand side and the right-hand side of the constraint are unequal when the optimal 

values of the decision variables are substituted into the constraint.) 

Sensitivity analysis results are valid only when the optimal basis remains unchanged. 

Example 1:  

Winco sells four types of products. The resources needed to produce one unit of each and the sales 

prices are given in Table 2. Currently, 4,600 units of raw material and 5,000 labor hours are 

available. To meet customer demands, exactly 950 total units must be produced. Customers also 

demand that at least 400 units of product 4 be produced. Formulate an LP that can be used to 

maximize Wincoôs sales revenue.  

 

 

 



Example 2:  

Tucker Inc. must produce 1,000 Tucker automobiles. The company has four production plants. 

The cost of producing a Tucker at each plant, along with the raw material and labor needed, is 

shown in Table 3. The autoworkersô labor union requires that at least 400 cars be produced at plant 

3; 3,300 hours of labor and 4,000 units of raw material are available for allocation to the four 

plants. Formulate an LP whose solution will enable Tucker Inc. to minimize the cost of producing 

1,000 cars. 

 

 

 



3.1 Sensitivity with Respect to Objective Function Coefficients 

Each decision variable has an associated range of optimality for its objective function coefficient. 

¶ Within the allowable range: 

o The optimal basis remains unchanged 

o Decision variable values remain unchanged 

o Only the objective value changes 

¶ Outside the range: 

o The current basis may no longer be optimal 

o Re-optimization is required 

LINDO reports for each variable: 

¶ Current coefficient 

¶ Allowable increase 

¶ Allowable decrease 

 

3.2 Reduced Cost 

The reduced cost of a variable indicates how much its objective coefficient must improve 

before the variable can enter the optimal solution. The REDUCED COST portion of the 

LINDO output gives us information about how changing the objective function coefficient for 

a nonbasic variable will change the LPôs optimal solution. Reduced cost reflects opportunity 

loss due to excluding a variable from the basis. 

¶ Reduced cost = 0 Ÿ variable is basic 

¶ Reduced cost Í 0 Ÿ variable is nonbasic 

For a maximization problem a nonbasic variable with reduced cost r must increase its coefficient 

by r to become positive in the solution. For a minimization problem a nonbasic variable with 

reduced cost r must decrease its coefficient by r to become positive in the solution. 



 

The nonbasic variable x1 has a reduced cost of $1. This implies that if we increase x1ôs objective 

function coefficient (in this case, the sales price per unit of x1) by exactly $1, then there will be 

alternative optimal solutions, at least one of which will have x1 as a basic variable. If we increase 

x1ôs objective function coefficient by more than $1, then (because the current optimal bfs is 

nondegenerate) any optimal solution to the LP will have x1 as a basic variable (with x1 > 0). Thus, 

the reduced cost for x1 is the amount by which x1 ñmisses the optimal basis.ò 

 

The nonbasic variable x4 has a reduced cost of 7 ($7,000), so we know that if the cost of producing 

x4 is decreased by 7, then there will be alternative optimal solutions. In at least one of these 

optimal solutions, x4 will be a basic variable. If the cost of producing x4 is lowered by more than 

7, then (because the current optimal solution is nondegenerate) any optimal solution to the LP will 

have x4 as a basic variable (with x4 > 0). 

3.3 Sensitivity with Respect to Right-Hand-Side (RHS) Values 

Each constraint has a range of feasibility for its RHS value. 

¶ Within the allowable range: 

o Current basis remains optimal 

o Shadow prices remain valid 

¶ Decision variable values may change 

¶ The objective value changes linearly 



If a constraint has positive slack, changes in its RHS (within the allowable range) do not affect the 

optimal solution. 

 

3.4 Shadow Price 

The shadow price of a constraint is the change in the optimal objective value resulting from a 

one-unit increase in the RHS of that constraint, provided the current basis remains optimal. If, 

after a change in a constraintôs right-hand side, the current basis is no longer optimal, then the 

shadow prices of all constraints may change. The shadow price for each constraint is found in the 

DUAL PRICES  section of the LINDO output 

¶ Maximization problem Ÿ marginal increase in profit 

¶ Minimization problem Ÿ marginal decrease in cost 

¶ Shadow price is valid only within the allowable RHS range 

¶ Binding constraint Ÿ nonzero shadow price 

¶ Nonbinding constraint Ÿ zero shadow price 

¶ A >= constraint will always have a nonpositive shadow price; a <= constraint will always 

have a nonnegative shadow price; and an equality constraint may have a positive, negative, 

or zero shadow price. An equality constraintôs shadow price may be positive, negative, or 

zero. 

¶ For any inequality constraint, the product of the values of the constraintôs slack or excess 

variable and the constraintôs shadow price must equal 0. This implies that any constraint 

whose slack or excess variable is 0 will have a zero shadow price. It also implies that any 

constraint with a nonzero shadow price must be binding (have slack or excess equal to 0). 

 

Letôs give an interpretation to the shadow price for each constraint in Examples 1 and 2. Again, 

all discussions are assuming that we are within the allowable range where the current basis remains 

optimal. The shadow price of $3 for Constraint 1 in Example 1 implies that each one-unit increase 

in total demand will increase sales revenues by $3. The shadow price of $2 for Constraint 2 implies 



that each unit increase in the requirement for product 4 will decrease revenue by $2. The shadow 

price of $1 for Constraint 3 implies that an additional unit of raw material given to Winco (for no 

cost) increases total revenue by $1. Finally, the shadow price of $0 for Constraint 4 implies that 

an additional unit of labor given to Winco (at no cost) will not increase total revenue. This is 

reasonable.  

 

 

3.5 Degeneracy and Sensitivity Analysis 

An LP solution is degenerate if one or more basic variables have zero value. 

Effects: 

¶ Allowable increases or decreases may be zero 

¶ Reduced cost interpretation becomes less reliable 

¶ The basis may change without changing the objective value 

Sensitivity results must be interpreted cautiously for degenerate solutions. 

 

Oddity 1 In the RANGES IN WHICH THE BASIS IS UNCHANGED, at least one constraint 

will have a 0 AI or AD. This means that for at least one constraint, the DUAL PRICE can tell us 

about the new z-value for either an increase or decrease in the right-hand side, but not both. To 

understand Oddity 1, consider the first constraint. Its AI is 0. This means that the first constraintôs 

DUAL PRICE of .50 cannot be used to determine a new z-value resulting from any increase in the 

first constraintôs right-hand side.  



  

 

Oddity 2 For a nonbasic variable to become positive, its objective function coefficient may have 

to be improved by more than its REDUCED COST. To understand Oddity 2, consider the nonbasic 

variable x4; its REDUCED COST is 1.5. If we increase its objective function coefficient by 2, 

however, we still find that the new optimal solution has x4 = 0. This oddity occurs because the 

increase changes the set of basic variables but not the LPôs optimal solution.  

Oddity 3 Increasing a variableôs objective function coefficient by more than its AI or decreasing 

it by more than its AD may leave the optimal solution to the LP the same. Oddity 3 is similar to 

Oddity 2. To understand it, consider the nonbasic variable x4. Its AI is 1.5. If we increase its 

objective function coefficient by 2, however, we still find that the new optimal solution is 

unchanged. This oddity occurs because the increase changes the set of basic variables but not 

the LPôs optimal solution 

 



Sensitivity analysis results are valid only when: 

¶ One parameter changes at a time 

¶ Changes remain within allowable ranges 

¶ The optimal basis remains unchanged 

If multiple parameters change simultaneously, the validity of results must be checked using the 

100% rule. 

3.6 The 100% Rule 

The 100% rule determines whether the current optimal basis remains valid when multiple 

parameters change at the same time. Depending on whether the objective function coefficient 

of any variable with a zero reduced cost in the optimal tableau is changed, there are two cases to 

consider: 

Case 1 All variables whose objective function coefficients are changed have nonzero reduced costs 

in the optimal row 0. In Case 1, the current basis remains optimal if and only if the objective 

function co-efficient for each variable remains within the allowable range. 

Case 2 At least one variable whose objective function coefficient is changed has a reduced cost 

of zero. In Case 2, we can often show that the current basis remains optimal by using the 100% 

Rule. Let 

 

 

                                       

For objective function coefficients: 

¶ Compute the fraction of change for each coefficient 

¶ Sum of all fractions Ò 1 Ÿ basis remains optimal 



 

  

 

Depending on whether any of the constraints whose right-hand sides are being modified are 

binding constraints, there are two cases to consider:  

Case 1 All constraints whose right-hand sides are being modified are nonbinding constraints. In 

Case 1, the current basis remains optimal if and only if each right-hand side remains within its 

allowable range. 

Case 2 At least one of the constraints whose right-hand side is being modified is a binding 

constraint (that is, has zero slack or zero excess). In Case 2, we can often show that the current 

basis remains optimal via another version of the 100% Rule. Let 



 

For RHS values: 

¶ Compute the fraction of change for each RHS 

¶ Sum of all fractions Ò 1 Ÿ basis remains feasible and optimal 

 

 

4. Duality in Linear Programming 

In linear programming, every optimization problem, referred to as the primal problem , has an 

associated dual problem that is derived systematically from the primal formulation. The primal 

problem primarily concentrates on determining the optimal values of decision variables in order 

to achieve a specified objective, such as maximizing profit or minimizing cost, subject to a set of 

constraints. In contrast, the dual problem shifts the perspective from decision-making to resource 

valuation, where the objective is to evaluate the implicit worth or marginal value of the resources 

represented by the primal constraints. 

A fundamental principle of duality is that the primal and dual problems are closely interconnected 

and convey the same economic information from different viewpoints. When both the primal and 

dual problems are feasible and bounded, their optimal objective function values are equal. This 

equivalence provides the theoretical foundation for interpreting shadow prices, reduced costs, and 

sensitivity analysis results, and it ensures consistency between decision-variable optimization and 

resource-based evaluation in linear programming models. 

 

 

 

 



4.1 Finding the Dual of a Normal Max or Min Problem 

For a maximization primal: 

¶ Each primal constraint corresponds to a dual variable 

¶ Each primal variable corresponds to a dual constraint 

¶ Objective coefficients of the primal become RHS values of the dual 

Sign rules: 

¶ Ò constraint Ÿ dual variable Ó 0 

¶ Ó constraint Ÿ dual variable Ò 0 

¶ Equality Ÿ dual variable unrestricted 

 

Primal:                                                                         Dual: 

  

Primal:                                                                              Dual: 

  



4.2 Finding the Dual of a Nonnormal Max or Min Problem 

Fortunately, an LP can be transformed into normal form. To place a max problem into normal 

form, we proceed as follows:  

Step 1 Multiply each >= constraint by -1, converting it into a <= constraint. 

Step 2 Replace each equality constraint by two inequality constraints (a <= constraint and a >= 

constraint). Then convert the >= constraint to a <= constraint. 

Step 3 Replace each urs variable xi by xi = xiô- xiò , where xiô >= 0 and xiò >= 0. 

If the primal is not a normal min problem, then we can transform it into a normal min problem as 

follows 

Step 1 Convert each <= constraint into a >= constraint by multiplying through by -1. 

Step 2 Replace each equality constraint by a <= constraint and a >= constraint. Then transform the 

>= constraint to a <= constraint  

Step 3 Replace any urs variable yi by yi = yiô- yiò , where yiô >= 0 and yiò >= 0. 

 

4.3 Economic Interpretation of the Dual 

In linear programming, the dual problem provides a meaningful economic interpretation of the 

primal problem by assigning values to the resources represented by the constraints. The variables 

of the dual problem, known as dual variables, represent the implicit or marginal value of 

resources in the optimal solution. These values indicate how much the objective function of the 

primal problem would improve if the availability of a particular resource were increased by one 

unit, assuming the current optimal basis remains unchanged. 

Dual variables are numerically equal to the shadow prices of the corresponding primal 

constraints  and therefore play a critical role in sensitivity analysis. A positive dual variable 

indicates that the associated resource is scarce and fully utilized, while a zero dual variable 

implies that the resource has excess capacity and does not contribute to improving the 

objective value. The objective function of the dual problem represents the minimum total cost of 

acquiring the required resources needed to satisfy the constraints of the primal problem. Thus, the 

dual formulation provides valuable insight into resource allocation efficiency and supports 

managerial decision-making by quantifying the economic worth of limited resources. 

Putting everything together, we see that the solution to the dual of the Dakota problem does yield 

prices for lumber, finishing hours, and carpentry hours. 

 



Complementary slackness conditions state: 

¶ If a primal constraint has slack, the corresponding dual variable is zero 

¶ If a dual constraint has slack, the corresponding primal variable is zero 

This explains why only binding constraints have nonzero shadow prices. 

4.4 Duality Theorems 

 

¶ If one problem has feasible solutions and a bounded objective function (and so has an 

optimal solution), then so does the other problem, so both the weak and strong duality 

properties are applicable. 

¶ If one problem has feasible solutions and an unbounded objective function (and so no 

optimal solution), then the other problem has no feasible solutions. 

¶ If one problem has no feasible solutions, then the other problem has either no feasible 

solutions or an unbounded objective function. 

  

 



 

 

 

4.5 Sensitivity Analysis from the Dual Perspective 

¶ Changes in objective coefficients affect dual constraint feasibility 

¶ Changes in RHS values affect the dual objective function 

¶ Allowable ranges ensure dual feasibility, preserving primal optimality 

This provides the theoretical foundation for LINDOôs sensitivity output. 

Our proof of the Dual Theorem demonstrated the following result: Assuming that a set of basic 

variables BV is feasible, then BV is optimal (that is, each variable in row0 has a non-negative 

coefficient) if and only if the associated dual solution is dual feasible. 

 

4.6 Interpretation of Duality in LINDO Output  

For a max problem, LINDO gives the values of the shadow prices in the DUAL PRICES column 

of the output. The dual price for row i+1 on the LINDO output is the shadow price for the ith 

constraint and the optimal value for the ith dual variable. 



 

For a minimization problem, the entry in the DUAL PRICE column for any constraint is the 

shadow price. Thus, from the LINDO printout in Figure 6, we find that the shadow prices for the 

constraints in the diet problem are as follows: calorie = 0; chocolate = 2.5¢; sugar = 7.5¢; and fat 

= 0. This implies that 

 

 



 

In LINDO: 

¶ Dual prices are the optimal values of dual variables 

¶ Dual prices = shadow prices 

¶ Slack values verify complementary slackness numerically 

If allowable ranges are violated: 

¶ Dual feasibility may be lost 

¶ Shadow prices and reduced costs become invalid 

¶ Re-optimization is required 

For Dakota problem: 

 



 

 



 

5. Practice 

   

 

                                                                        



 

 

 

          

 

 

  

 

 

 

  



Experiment- 4: Solving unconstrained and constrained 

nonlinear optimization problem 

1. Objective 

By the end of this experiment, students will be able to: 

¶ Formulate nonlinear optimization problems. 

¶ Solve unconstrained nonlinear optimization problems using LINGO and MATLAB. 

¶ Solve constrained nonlinear optimization problems using LINGO and MATLAB 

2. Nonlinear Optimization 

Nonlinear Programming (NLP) deals with optimization problems in which the objective function 

and/or at least one constraint is nonlinear. Unlike linear programming, NLP problems may have 

multiple local optima, saddle points, or no optimal solution at all. 

A general nonlinear programming problem is expressed as: 

Minimize or Maximize: 

f(x) = f(x , x , é, x ) 

Subject to: 

g (x) Ò 0, i = 1, 2, é, m 

h (x) = 0, j = 1, 2, é, p 

where x ɴ  Ŵ is the vector of decision variables. 

3. Nonlinear Unconstrained Optimization 

In unconstrained optimization, the objective function is optimized without any explicit constraints. 

3.1 Necessary Condition 

If f(x) has a local minimum at x* then ɳ f(x*) = 0, where ɳ f is the gradient vector. Geometrically, 

the gradient vector is normal to the tangent plane at the point x* as shown in Figure 4.1 for a 

function of three variables. Also, it points in the direction of maximum increase 

in the function. 

 



Figure 3.1.1: Visualization of gradient vector 

3.2 Second-Order Conditions 

Let H be the Hessian matrix of f(x), where H is represented by,   

 

¶ If H is positive definite at x*, then x* is a local minimum. 

¶ If H is negative definite at x*, then x* is a local maximum. 

¶ If H is indefinite, then x* is a saddle point. 

4. Nonlinear Constrained Optimization 

When constraints are present, stationary points must satisfy additional optimality conditions. 

4.1 KKT Condition  

Let x* be a regular point of the feasible set that is a local minimum for f(x) subject to hi(x) = 0; i 

= 1 to p; gj(x) <= 0; j = 1 to m. Then there exist Lagrange multipliers v* (a p-vector) and u* (an 

m-vector) such that the Lagrangian function is stationary with respect to xj, vi, uj, and sj at the point 

x*. 



Exercise Problems 

Exercise 4.1 ï NLP of several variables using MATLAB: A monopolist producing a single 

product has two types of customers. If q1 units are produced for customer 1, then customer 1 is 

willing to pay a price of 70 - 4q1 dollars. If q2 units are produced for customer 2, then customer 2 

is willing to pay a price of 150 - 15q2 dollars. For q >0, the cost of manufacturing q units is 100 

+15q dollars. To maximize profit, how much should the monopolist sell to each customer? Use 

MATLAB to determine your result.  



Solution:  

%% Monopolist Profit Maximization  

clc; clear; 

syms q1 q2 

 

% Profit function 

pi = (70*q1 - 4*q1^2) + (150*q2 - 15*q2^2) - (100 + 15*(q1+q2)); 

 

% Gradient and stationary point 

grad = gradient(pi, [q1,q2]); 

sol = solve(grad==0, [q1,q2]); 

q_star = double([sol.q1, sol.q2]); 

 

% Hessian and eigenvalues 

H_val = double(subs(hessian(pi,[q1,q2]), {q1,q2}, {q_star(1), q_star(2)})); 

eig_H = eig(H_val); 

 

% Display results if concave 

disp('Gradient:'); disp(grad); 

disp('Hessian:'); disp(H_val); 

disp('Eigenvalues:'); disp(eig_H); 

 

if all(eig_H<0) 

    disp('Global maximum confirmed.'); 

    disp(['Optimal quantities: q1*=', num2str(q_star(1)), ', q2*=', num2str(q_star(2))]); 

 

end 

Exercise 4.2 Solving for KKT points in MATLAB

 

Solution:  



For the present example, components of the vector x are defined as x(1) = x1, x(2) = x2, x(3) = 

u, and x(4) = s. In terms of these variables, the KKT conditions of Eqs. (b) to (e) are written as a 

system of functions in MATLAB. 

 
%% Solve KKT system using fsolve 

 

clc; clear; 

 

% Define the system as a function 

fun = @(x) [2*x(1) - 3*x(2) + 2*x(3)*x(1); 

            2*x(2) - 3*x(1) + 2*x(3)*x(2); 

            x(1)^2 + x(2)^2 - 6 + x(4)^2; 

            x(3)*x(4)]; 

 

% Initial guess  

x0 = [1; 1; 1; 1]; 

 

% Solve using fsolve 

[x_sol, fval] = fsolve(fun, x0); 

 

% Display solution 

disp('KKT point:'); 

disp(x_sol); 

 

Exercise 4.3 Solving NLP using LINGO 



 
 

Solution 

 

LINGO CODE 
 

MODEL: 

! Decision variables (lb per 100-lb mixture); 

! R = rubber, O = oil, C = carbon black; 

 

MIN = 4*R + 1*O + 7*C; 

 

! Mixture constraint; 

R + O + C = 100; 

! Bounds; 

R >= 25; 

R <= 60; 

O >= 0; 

C >= 50; 

! Tensile strength constraint; 

12.5 - 0.10*O - 0.001*O^2 >= 12; 

! Elasticity constraint; 

17 + 0.35*R - 0.04*O - 0.002*R^2 >= 16; 

 

! Hardness (MINIMUM only ð no upper bound); 

34 + 0.10*R + 0.06*O - 0.3*C 

 + 0.001*R*O + 0.005*O^2 + 0.001*C^2 >= 25; 

34 + 0.10*R + 0.06*O - 0.3*C 

 + 0.001*R*O + 0.005*O^2 + 0.001*C^2 <= 35; 

END 

 

As it is not a convex programming problem, we cannot be sure that LINGO has found the optimal 

solution. To see if LINGO has actually found the optimal solution to the NLP, we have to use the 

INIT command to input a wide variety of starting solutions. however, extensive use of the INIT 

command failed to turn up any better solutions, so we are fairly confident that LINGO has found 

the optimal solution 

 

! Manually add INIT points; 

INIT: R = 20; O = 5; C = 75; ENDINIT 



Practice problems 

1. Oilco produces three types of gasoline: regular, unleaded, and premium. All three are produced 

by combining lead and crude oil brought in from Alaska and Texas. The required sulphur content, 

octane levels, minimum daily demand (in gallons), and sales price per gallon of each type of 

gasoline are given in the Table 4.1. The crude brought in from Alaska is made by blending two 

types of crude: Alaska1 and Alaska2. The Alaska crude is blended in Alaska and shipped via 

pipeline to Oilcoôs Texas refinery. At most, 10,000 gallons of crude per day can be shipped from 

Alaska. The sulphur content, octane level, daily maximum amount available (in gallons) and 

purchase cost (per gallon) for each type of Alaska crude, Texas crude, and lead are given in table 

4.2. Of course, unleaded gasoline can contain no lead. Formulate an NLP to help Oilco maximize 

the daily profit obtained from selling gasoline. Use LINGO to determine your result.  

Table 4.1: Gasoline Production data 

Table 4.2: Crude data 

 

2. Truckco is trying to determine where it should locate a single warehouse. The positions in the 

xïy plane (in miles) of four customers and the number of shipments made annually to each 

customer are given in Table 5. Truckco wants to locate the warehouse to minimize the total 

distance trucks must travel annually from the warehouse to the four customers. 

Table 4.3: Shipping distance and amount 



Experiment-5: Solving the Transportation Problem Using 

LINDO . 

 

1. Objective 

By the end of this experiment, students will be able to: 

¶ Formulate transportation problems. 

¶ Solve balanced and unbalanced transportation problems using LINDO. 

¶ Solve different methods for initial basic feasible solution. 

2. Introduction to Transportation Problem 

The transportation problem is to transport various amounts of a single homogeneous commodity 

that are initially  stored at various origins, to different destinations in such a way that the total 

transportation cost is a minimum. It can also be defined as to ship goods from various origins to 

various destinations in such a manner that the transportation cost is a minimum. The availability 

as well as the requirements is finite. It is assumed that the cost of shipping is linear. 

 

 

 

 

 

 

 

 

 

 

 

 



3. Balanced Transportation Problem Formulation 

Example: Power Co has three electric power plants that supply the needs of four cities. Each 

power plant can supply the following numbers of kilowatt-hours (kwh) of electricity: plant 1ð 35 

million; plant 2ð50 million; plant 3ð40 million (see Table 1). The peak power demands in these 

cities, which occur at the same time (2 P.M.), are as follows (in kwh): city 1ð45 million; city 2ð

20 million; city 3ð30 million; city 4ð30 million. The costs of sending 1 million kwh of electricity 

from plant to city depend on the distance the electricity must travel. Formulate an LP to minimize 

the cost of meeting each cityôs peak power demand. 

Solution:  



 



  



 

 

 



4. Balancing a Transportation Problem if total supply exceeds total demand 

 

 

 

40 



 

5. Balancing a Transportation Problem if total supply is less than total 

demand 

Problem: Two reservoirs are available to supply the water needs of three cities. Each reservoir 

can supply up to 50 million gallons of water per day. Each city would like to receive 40 million 

gallons per day. For each million gallons per day of unmet demand, there is a penalty. At city 1, 

the penalty is $20; at city 2, the penalty is $22; and at city 3, the penalty is $23. The cost of 

transporting 1 million gallons of water from each reservoir to each city is shown in Table 4. 

Formulate a balanced transportation problem that can be used to minimize the sum of shortage and 

transport costs. 

 



 

 

 

 

 



6. Balanced transportation problems (PowerCo) using LINDO: 

 

 



7. Methods to obtain the initial  basic feasible solution: 

        Tabular  Representation 

Let 'm' denote number of factories (f1,f2éfm) 

 

Let 'n' denote number of warehouse (w1,w2é.wn) 

 

w 

f 

W1 W2 .. Wn Capacities 

(availability) 

F1 

F2 

. 

. 

Fm 

C11 

C21 

. 

. 

Cm1 

C12 

C22 

. 

. 

Cm2 

.. 

.. 

. 

. 

. 

C1n 

C2n 

. 

. 

Cmn 

A1 

A2 

.. 

.. 

Am 

Required B1 B2 .. Bn × ὥὭ=× ὦὮ 

 

w 

f 

W1 W2 .. Wn Capacities 

(availability) 

F1 

F2 

. 

. 

Fm 

X11 

X21 

. 

. 

Xm1 

X12 

X22 

. 

. 

Xm2 

.. 

.. 

. 

. 

. 

W1n 

X2n 

. 

. 

Xmn 

A1 

A2 

.. 

.. 

Am 

Required B1 B2 .. Bn × ὥὭ=× ὦὮ 

In general these two tables are combined by inserting each unit cost ὧὭὮ with the 

corresponding amount ὼὭὮ in the cell (I,j). the product ὧὭὮ ὼὭὮ gives the net cost of 

shipping units from the factory fi to warehouse ύὮ. 

 

 



7.1 North ïwest corner rule: 

Step-1: 

¶ The first assignment is made in the cell occupying the upper left- hand (north-west) 

corner of the table. 

¶ The maximum possible amount is allocated here i.e. x11=min (a1,b1). This value of 

x11 is then entered in the cell (1,1) of the transportation table. 

Step-2: 

¶ If  b1 > a1, move vertically downwards to the second row and make the second allocation 

of amount x21=min(a2,b1-x11) in the cell (2,1). 

¶ If  b1 < a1, move horizontally right side to the second column and make the second 

allocation of amount x12=min(a1- x11,b2) in the cell(1,2). 

¶ If b1=a1, there is tie for the second allocation. One can make a second allocation of 

magnitude x12=min(a1-a1,b2) in the cell(1,2) or x21=min(a2,b1-b1)in the cell(2,1). 

Step-3: 

¶ Start from the new north-west corner of the transportation table and repeat steps 1 and 

step 2 until all the requirements are satisfied. 

Example: Find the initial basic feasible solution by using north-west corner rule. 

w 

f 

W1 W2 W3 W4 Factory 

capacity 

F1 

F2 

F3 

19 

70 

40 

30 

30 

8 

50 

40 

70 

10 

60 

20 

7 

9 

18 

Warehouse 

requirement 

5 8 7 14 34 

 W1 W2 W3 W4 Availability 



Solution: 

Initial basic feasible solution 

X11=5, X12=2, X22-6, X23=3, X33=4, X34=14 

The transportation cost is  

5(19)+2(30)+6(30)+3(40)+4(70)+14(20)=$1015 

7.2 Vogelôs Approximation Method (VAM): 

Step-1: 

¶ For each row of the table, identify the smallest and the next to smallest cost. Determine 

the different between them for each row. These are called penalties. Put them aside by 

enclosing them in the parenthesis against the respective rows. Similarly compute 

penalties for each column. 

Step-2: 

¶ Identify the row or column with the largest penalty. If  a tie occurs then use an arbitrary 

choice. Let the largest penalty corresponding to the i th row have the cost cij allocate the 

largest possible amount xij=min(ai,bj) in the cell(I,j) and cross out either ith row or jth 

column in the usual manner. 

 

F1 5 

(19) 

2 

(30) 

  7 2 0 

F2  6 

(30) 

3 

(40) 

 9 3 0 

F3   4 

(70) 

14 

(20) 

18 14 0 

Requirements 5 8 7 14    

0 6 4 0 

 0 0  



Step-3: 

¶ Again compute the row and column penalties for the reduced table and then go to step 

2. Repeat the procedure until all the requirements are satisfied. 

Example: Find the initial basic feasible solution by using Vogelôs Approximation 

Method (VAM) . 

 W1 W2 W3 W4 Availability 

F1 19 30 50 10 7 

F2 70 30 40 60 9 

F3 40 8 70 20 18 

Requirements 5 8 7 14  

Solution: 

 W1 W2 W3 W4 Availability  
F1 19 30 50 10 7 19-10=9 
F2 70 30 40 60 9 40-30=10 

F3 40 8 70 20 18 20-8=12 

 5 8 7 14  

 40-19=21 30-8=22 50-40=10 20-10=10 

 

 W1 W2 W3 W4 Availability  
F1 19 30 50 10 7 9 
F2 70 30 40 60 9 10 

F3 40 8 
8 

70 20 10 12 

 5 0 7 14  

 21 x 10 10 

 

 

 W1 W2 W3 W4 Availability  

F1 19 
5 

30 50 10 2 9 

F2 70 30 40 60 9 20 

F3 40 8 
8 

70 20 10 20 

 0 0 7 14  

 X X 10 10 



 

 W1 W2 W3 W4 Availability  

F1 19 
5 

30 50 10 2 40 

F2 70 30 40 60 9 20 

F3 40 8 
8 

70 20 
10 

0 x 

 0 0 7 4  

 X X 10 50 

 

 W1 W2 W3 W4 Availability  

F1 19 
5 

30 50 10 
2 

0 X 

F2 70 30 40 60 9 20 

F3 40 8 
8 

70 20 
10 

0 X 

 0 0 7 2  

 X X 10 50 

 

 W1 W2 W3 W4 Availability  

F1 19 
5 

30 50 10 
2 

0 X 

F2 70 30 40 
7 

60 
2 

0 X 

F3 40 8 
8 

70 20 
10 

0 X 

 0 0 0 0  

 X X X X 

 

Initial basic feasible solution X11=5,X14=2,X23=7,X24=2,X32=8,X34=10. 

      The transportation cost is  

       5(19)+2(10)+7(40)+2(60)+8(8)+10(20)=$779. 

 

 

 

 



Practice Problem: 

1.A bank has two sites at which checks are processed. Site 1 can process 10,000 checks per day, 

and site 2 can process 6,000 checks per day. The bank processes three types of checks: vendor, 

salary, and personal. The processing cost per check depends on the site. Each day, 5,000 checks 

of each type must be processed. Formulate a balanced transportation problem to minimize the daily 

cost of processing checks. 

 

 

 

 

 

 

2. A 

company supplies goods to three customers, who each require 30 units. The company has two 

warehouses. Warehouse 1 has 40 units available, and warehouse 2 has 30 units available. The costs 

of shipping 1 unit from warehouse to customer. There is a penalty for each unmet customer unit 

of demand: With customer 1, a penalty cost of $90 is incurred; with customer 2, $80; and with 

customer 3, $110. Formulate a balanced transportation. 

 

 

 

 



Experiment-6: Solving the Assignment Problem Using 

LINDO.  

1. Objective 

By the end of this experiment, students will be able to: 

¶ Formulate assignment problems. 

¶ Solve balanced and unbalanced assignment problems by The Hungarian Method. 

¶ Solve balanced and unbalanced assignment problems using LINDO. 

2. Introduction to Assignment Problem 

The Assignment Problem is a special type of linear programming problem in Operations Research 

that deals with allocating a set of resources to a set of tasks in an optimal way. The main objective 

is to assign each resource to exactly one task such that the total cost is minimized or the total profit 

is maximized. Typically, the number of resources and tasks are equal, forming a square cost matrix. 

Each element of the matrix represents the cost (or time, or profit) of assigning a particular resource 

to a specific task. The solution must satisfy two main constraints: 

1. Each resource is assigned to only one task. 

2. Each task is performed by only one resource. 

The Assignment Problem is actually a special case of the Transportation Problem, where supply 

and demand for each source and destination are equal to one unit. Because of this structure, it can 

be solved efficiently using specialized methods such as the Hungarian Method. This problem has 

wide practical applications in real life, such as assigning workers to jobs, machines to tasks, 

salespeople to territories, or teachers to courses. By finding the optimal assignment, organizations 

can minimize operational costs, improve efficiency, and ensure better utilization of resources. 

 



3. Balanced Assignment Problem Formulation 

Example: Machineco has four machines and four jobs to be completed. Each machine must be 

assigned to complete one job. The time required to set up each machine for completing each job 

is shown in Table 43. Machineco wants to minimize the total setup time needed to complete the 

four jobs. Use linear programming to solve this problem. 

 

 

 

 

 



 

 

 

 



4. Balanced Assignment Problem Solution by The Hungarian Method 

  



 

 



5. Balanced Assignment problems (Machineco) using LINDO: 

 

 



6. Unbalanced Assignment Problem Solution by The Hungarian Method 

Example: A company has five machines that are used for four jobs. Each job can be assigned to 

one and only one machine. The cost of each job on each machine is given on the following table. 

 

Solution: 

Convert the 4*5 matrix into a square matrix by adding a dummy row D5. 

Dummy Row D5 added 

 

 

 

 

 

 

 

 

 

 

 

 

4 2 

4 2 



 

 

 



 

 

 

 

 

 

 

 

 

 

 

4 

17 



7. Unbalanced Assignment problems using LINDO:  

 

 


